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PREFACE. 



TiBs first object of the author of the following treatise has been to 
make the transition from arithmetic to algebra as gradual as possible. 
The Book, therefore, commences with practical questions in simple 
equations, such as the learner might readily solve without the aid of 
algebra* This requires the explanation of only the signs plus and 
minus, the mode of expressing multiplication and division, and the 
mgn of equality ; together with the use of a letter to express the un* 
known quantity. These may be understood by any one who has a 
tolerable knowledge of arithmetic. All of them, except the use of 
the letter, have been explained in arithmetic. To reduce such ' an 
equation, requires only the application of the ordinary rules of arith- 
^ medc 'y and these are applied so simply, that ^arcely any one can 
mistake them, if Jefl entirely to himself. One or two questions are 
solved first with little explanation in order to give the learner an idea 
of what is wanted, and he is then left to solve several by himself. 

The most simple combinations are given first, then those which 
are more difficult. The learner is expected to derive most- Jf his 
knowledge by solving the examples himself; therefore care has been 
taken to make the explanations as few and as brief as is consistent 
with giving an idea of what is required. 

In fact, explanations rather embarrass than aid the learner, because 
he is apt to trust too much to them, and neglect to employ his own 
powers ; and because the explanation is frequently not made in the 
way, that would naturally suggest itself to him, if he were left to 
ezanune the subject by himself. The best mode, therefore, seems to 
be, to give examples so simple as to reqmre little or no explanation, 
and let the learner reason for himself, taking care to make them more 
difficult as he proceeds. This method, besides giving the learner 
confidence, by making him rely on his own powers, is much more 
interesting to him, because he seems to himself to be constantly 
making new discoveries. Indeed, an apt scholar will frequently 
make original explanations much more simple than would have been- 
l^ven by the author. 
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This mode has also, the advantage of exercising the learner in 
reasoning, instead of making him a listener, while the author reasons 
before him. 

The examples in the fixdt dt^ ptgee Involve nearly all the operar 
tions, that are ever required in simple numdHcal equation's, with one 
and two unknown quantities. 

In the ninth article, the learAer is taught to generalize parti^ar 
cases, and to form rules* Here he is first taught to represent known 
quantities by letters, wid at the same time the purpose of it. The 
transition from particular cases to general principles is made as 
gradual as possible. At first only a part of the question is general^ 
ized, and afterwards the wbole of it. 

When the learner understands the purpose of representing known 
quantities as well as unknown, by letters or general symbols, he is 
considered as fairly introduced to the subject of algebra, and ready to 
commence where the subject is usually commenced in other treatises^ 
Accordingly he is taught the fundamental rules, as applied to literal 
quantities. Much of this however is only a recapitulation in a gen* 
eral form, o^ what he has previously learnt, in a particular form. 

AAer this, various subjects are taken up and discussed. There is 
nothiiig peculiar in the arrangement or in the nuumer of treating 
them. The author has used his own language, and explained as 
leemed to him best, without reference to any other work. A large 
number of examples introduce and illustrate every principle^ and as 
far as seemed practicable, the subjects are taught by example rather 
than by explanation. 

The demonstration of the Binomial Theorem is entirely original, 
so far as regarjds the rule for finding the co^cients. The rule itself 
is the same that has always been used. The manner of treating and 
demonstrating the principle %i€ summing terie* by d^jference^ is also 
originaL* 

Proportions have been discarded in algebra as well as in arithmetic^ 
The authmr intended to give, in an appendix, some directions for 
using proportions, to assist those who might have occasion to read 
other treatises on mathematics. But this volume was already too 
large to admit it. It is believed, however, that few will find any 
difficulty in this respect. If they do, one hour's study of some tr a 
tise which explains jpdroportidns will renieve it. 

* 6m BaitoB Joanal of PhlloMphy and Uie Arta No. 5^ ftv llay, ICUL 
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In order to study this woric to adrantage, the learner should solve 
every question in course, and do it algehraicaUy. If he finds a que^ 
tion wiiich he can solve as easily without the aid of algebra as with 
it, he may be assured, this is what the author expected. If he first 
solves a question, whic}i involves no difficulty, he will understand 
perfectly what he lis about, and he wiU thereby be enabled to encoun- 
ter those which are difficult. 

When the learner is directed to tufn back and do in a new way 
something he has done before, let him not fail to do it, for it will be 
necessary to his future progress ; and it will be much better to trace 
the new principle in what he has done before, than to have a new 
example for it. 

The author has heard it objected to his arithmetics by some, that 
they are too easy. Perhaps the same objecdon w^l be made to this 
treatise on algebra. But in both cases, if they are too easy, it is the 
fault of the subject, and not of the book. For in the First Lessons, 
there is no explanation ; and in the Sequel there is probably less than 
in any other books, which explain at all. As easy however as they 
are, the author believes that whoever undertakes to tesfh them, will 
jSnd the intellects of his scholars more exercised in studying them, 
than in studying the most difficult treatise he can put into their 
hands. When the learner feels, that the subject is above his capacity, 
he dares not attempt any thing himself, but trusts implicitly to the 
author ; but when he finds it level with his capacity, he readily 
engages in it. But here there is something more. The learner is 
required to perform a part himself. He finds a regular part assigned 
la him, and if the teacher does his duty, the learner must give a great 
many explanations which he does not find ih the book. 

!• 
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ALOEBEA. 



Tvi op«t«tioiM -mpiftiiiied is. Arithmetie tu^ suAcient for 
tbe solution of ai! queistiona m minibers, that ev^ occur ; Imt 
it i» to be observed, that fei every question Aere are x^o disr 
tiiiot thicks ' to be attended to ; fii*st, to discover, bj a conrse 
of reasoning, what operations are necessary ; and, secondly, to 
perform >di05e operations. The first of these, to tt certain es- 
leot, 19 tfiore isasily learned than the second ; but, after tbe 
ne^d of perforlning die operations is understood, aH the dif- 
fieiAyki solving absti*u9e -and conaplieated questions consists 
in discovering how the operations are to be applied. 

It is often difficult, fmd sometimes afas^olutely nnpossibl^.to 
fliscorer, by ilie ordinary modes of reasoning, how the funda- 
mental operations are to be applied to the solution of questions. 
it is our purpose, in this- treatise, to show how this difficulty 
mar be obviated. 

It has been shown in Arithmetic, that ortfinary ealcalations 
Me very much facilitated by a set of arbitrary signs^ caHed 
figwts ; k will now foe shown 'diat the reasoning, previous to 
eidouhtion, may receive as great assistamie from another set of 
arbitraiy signg. 

Some of the signs have abeady been explained in Arithmetie ; 
they will here'be brieiy recapitmated. 

(=) Two horizontid lines are used to express the words 
** are equal to^*' or any other similar expression. 

(+) A cross, one line being horizontal and the other perpen- 
dicular, signifies *' added to.*' It may be read rtnrf, more, plusy 
or any similar expression ; thus, 7 + 5 = !2, is read 7 and 6 
ve 1^, CT 5 added to 7 is equal to !2, or 7 plus 5 is equal to 
12. Ph^ is a Latin word signing more. 

( — ) A horizontal line, signifies subtracted from. It is some- 
times read less or minus, jkinus is Latin, signifying less. Thus 
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14 — 6 = 8, is read 6 subtracted from 14, or a4 less 6, or 14 
minus 6 is equal to 8. 

6bserve that the signs + smd — affect the numbers which 
they stand immediately oefore, and no others. Thus 

14 — 6 + 8 = 16 ; and 14 + 8 — 6 = 16 ; 
and 8 — 6 + 14 = 16 ; and, ia fine, — 6 + 8 -f 14 =* 16. 
In all these cases the 6 only is to be subtracted, and it is the 
same, whether it be first subtracted firom one of the numbers, 
and then the rest be added, or whether all the others be added 
and that be subtracted at last. 

(X) (0 An inclined cross, or a point, is used to express 
multiplication ; thus, 5 X 3 s=e: 15, or 5 . 3 7=s 15. 

^-^) A horizontal line, with a point above Btid another below 
it, is used to express division. Thus 15 -h 3 =s 5, is read 15 
divided by 3 is equal to 5. 

But division is more frequently expressed in the form of a 
firaction (Arith. Art. XVI. Part II.), the divisor being made the 
denominator, and the dividend the numeralor. Thus y =s 5, 
is read 15 divided by 3 is equal to' 5, or one third of 15, is 5, 
or 15 contains 3, 5 times. 

Example. 6 X 9 + 15 — 3 = 7 . 8 — V + 14, 
This is read, 9 times 6 and 15 less 3 are equal to 8 times 7 
less 16 divided l^y 4, and 14. 

To find the value of each side ; 9 times 6 are 54 and 15 are 
69, less 3 are 66. Then 8 times 7 are 56, less 16 divided by 
4, or 4 are 52, and 14 more are 66. 

In questions proposed for solution, it is always required to 
find one or more quantities which are unknown ; these, when 
found, are the answer to the question. It will be found extreme^ 
ly useful to have signs to express these unknown quantities, be* 
cause it will enable us to keep the object more steadily and dis- 
tinctly in view. We shall also be able to represent certain ope* 
rations upon them by the aid of signs, which will greatly assist 
us in arriving at the result. 

Algebi-aic signs are in fact nothing else than ati abridgment of 
common language, by which a long process of reasomng is pre- 
sented at once in a single view. 

The signs generally used to express the unknown quantities 
above mentioned are some of the last letters of the alphabet, aa 
«, y, ar, &c. 
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1. 1. Two men, A and B, trade m company, and gain 267 
doUars, of which B has twice as much as A. What is the shaie 
of each? 

In this example the unknown quantities are the particular 
sbiffes of A and B. 

Let X represent the number of dollars in A's share, then 2 x 
will represent the number of dollars in B's share. Now these 
added together must make the number of dollars in both their 
shares, that is, 267 dollars. 

a: + 2 ar = 267 
Putting all die x's together, S x = 267 

U S X are 267, 1 a: is J of 267 in the same manner as if 3 
oxen were worth $ 267, 1 ox would be worth § of it. 

a; = 89 =. A's share. 
2a:=s 178=: B's share. 

2. Four men, A, B, C, and D, found a purse- of money con- 
taining $ 325, but not agreeii^ about the division of it, each took 
as much as he could get ; A got a certain sum, B got 5 timSs as 
much ; C, 7 times as much ; and D, as much as B and C both. 
How many dollars did each get.^ ' 

Let X represent the number of dollars that A got ; then B got 
6 a:, C 7 a:, and D (5 af + 7 ar) = 12 a?. These, added toge- 
ther, must make $325, the whole number to be divided. 

ar + 5a? + 7a: + 12a? = 325 
Putting all the a;'s together, 25 ar = 325 

a:= 13 = A's share. 
5a:= 65 = B's '* 
7a?= 91=C's " 
y 12 a? = 166 = D's " 

M^^ote. All examples of this kind in algebra admit of proof. 
In this case the work is proved by adding together the several 
shares. If they are equal to the whole sum, 325, the work is 
right. As the answers are not given in this work, it will be well 
for the learner always to prove his results. 

In the same manner perform the following examples. 

3. Said A to B, my horse and saddle together are worth $130, 
but the horse is worth 9 times as much as the saddle. What is 
the value of each.^ 

4. Three men. A, B, and C, trade in coninany, A puts m a 
certain sum, B puts in 3 times as much, and U puts in as much 
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as A aod B both ; th^y ^«a $6§6. What is each man'y share 
of the gain? ir i^ . t. M ^ 

5. A gentleman, meeting 4 poor persons, distributed 60 cents 
aoiQBg tbenx, givii^ the second twice, the third three times, and 
the fourth four times as much as the first. How mamy cents did 
he give to each? » ; / Of '^-J M 

6. A gentleman left II 000 crowns to be divided between his 
widow, two son3, and three daughters. He intended that the 
widow should receive twice the share of a son, and that each son 
should receive twice the sh^e of a daughter. Required the share 
of each. / JC^^* Y -> ^* t- 'i .' l:-i. 

Let X represent the share of a daughter, then 2 x will represent 
tlie share of a son, &c. 

7. Four gentleman entered into a speculation, for which they 

subscribed $4755, of which B paid 3 times as much as A, and 

C paid as much as A and B, and D paid as much as B and C. 

What did each pay? / i ' . - . ; .^ * 

r J f I ' . ^' f *- ^ 

8. A man bought some oxen, some cows, and some sheep for 
$ 1400 ; there were dn equal number of each sort. For the oxen 
he gave $ 42 apiece, for the cows $ 20, and for the sheep § 8 
apiece. How many were there of each sort? 

In this example the unknown quantity is the number of each 
sort, but the number of each sort being the same, one character 
will express it. 

Let X denote the number of each sort. 
Then x oxen, at $42 apiece, will come to 42 x dolls., and x 
cows, at $.20 apiece, will come to 20 x doUs.^ and x sheep, at 
$ 8 apiece, will conoe to 8 a; dolls. These added together must 
make the whole price. 

42 a: + 20;r + 8 a?= 1400 
Putting the a: 's together, . . 70 a: ==1400 
Dividing by 70, ...... a;= 20 

,Sns. 20 of each sort. 

9. A man sold some calves and some sheep for $374, the 
calves at $ 5, and the sheep at $ 7 apiece ; there were three 
times as many calves as sheep. How many were there of 
each.^ 

Let X denote the number of sheep ; then 3 x will denote the 
number of calves. 
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5 ;1^beQ af sBoep, At jjj'7 aipiece, wfll ctonife to 7 « dolls*, imd 3 « 
calves, at $ 5 apiece, will come to 5 times 3 or ddls.,that is, 15dr 

< These ad<ied together must mAe the whole price. 

7a?-f 15a?=:»374 
Putting the ar's together, 22 a? = 374 
Dividing by 22, tr =;= J7 = nijpiber of sheep* 

3ar= 51= " calves. 

Thb learner must have remarked by this time, that when a 
quesdon is proposed, the first thing to be done, is to find, by 
IliefMis ' of the unloiowji ' quantity, aai expressbn which shall be 
e€[ual to a given quantity, and then fro3i that, by arithmetical op« 
erauo$s^ t6 deduct the value of the unkbown quantity. 

This expression of equality between two quantities, is called 
an equation. In the last example, 7 a: -f- 15 x= 374 is an eqiM- 

ttie quantity or quantities on the left of the sign = are called 
tlie firift member^ those on the right, the second member of the 
et^uatiofi. {7 'x -^ 15 x) is the first member of the above equa- 
tion, and 374 is the second member. 

Qoabtittes toniiecied by the signs -^ and — ^e icaHed term, 
it £ skid 15 X are tertm in the above equation. 

The figure written before a letter sh6wing how many times the 
letter is to be taken, is dailed the coefficient of that letter. In 
the quantities 7 o?^ 15 ar, 22 ar ; 7, 15, 22, are coefficients of a?. 

The process of forming an equation by the conditions of a 
question, is called putting the question into an equation. 
'^he process by which the value of the unknown quantity is 
found, after the question is put into an' equation, is called solving 
or reducing the equqiion. . 

rfo 'rules can be given for putting questions into equations; 
this must be learned by practice ; but rules may be ioiind for 
solving most of the equations that ever occur. ^ 

After the preceding questions w^re put into equation, the first 
thing was to reduce all the terms containing the unknown quanti- 
ty, to one term, which was done by adding the coeflicients. As* 
7 X -^ lb X Bie 22 X. Then, since 22 ar = 374, 1 x must be 
equal to ^ of 374. That is. 

When the unknown quanUity in one vj^mber is reduced to on$ 
iemiy and stands equal to a knoxon quantity in the other^ its valu§ 
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is found by dividing ^ knaton q%iantity by the e&effiei9ni of ihi 
unknoton quantity. 

10. A man bought some oranges, some lemons, and some 
pears, for 156 cents ; the oranges at 6 cents each, the lemons at 
4 cents, and the pears at 3 cents ; there was an equal number 
of each sort. Required the number of each. ' 6) 

11. In fencing* the side of a field, the length of which was 
450 yards, two workmen were employed ; one fenced 9 jrards, 
and the other 6 .yards per day. How many days did they 
work? >:' - .*> V 

12. Three men built 780 rods of fence ; the first built 9 
rods per day, tlie second 7, and the* third 5 ; the second work- 

^ ed three times as many days as the first, and the third, twice as 
many days as the second. How many days did each work? 

13. A roan bought some oxen, some cows, and some cahres 
for j(348 ; the oxen at $38 each, the cows at $18, and the 
calves at $ 4. There were three times as many cows as oxen. 
and twice as many calves as cows. How many were there of 
each sort? 

14. A meschant bought a quantity of flour for $ 132 ; for one 
half of it he gave $ 5 per barrel, and for the other half $ 7. How 
DDiany barrels were there in the whole? 

Let X denote one half the number of barrek. 

15. Prom two towns, which are 187 miles apart, two travel- 
lers set out at die same time with an intention of meeting ; one 
of them travels at the rate of 8, the other of 9 miles each dip*. 
5n how many days will they meet? 

Ik 1. a cask of wine was sold for $45, which was only { 
of what it cost. Required the cost. 
Let X denote the cost. 

Three fourths of x may be written { « or — • The latter is 

preferable. 

4 

if =15 

4 

«>«>60 iAv. |60. 
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If { of ^ comes to 45, then — must come to } of 45, or 

4 

15) and x w3I be 4 times 15, or 60. 

A better method. 

3 or = 45 X 4 = ISO 

a? = 60 

Sx 
Observe, that — is the same as } of 3 a:. Now if } of 3 x 

is 45, 2x itself must be 4 times 45, or 180; Sx being 180, x 
must be i of 180, which is 60. 

2. A nian, being asked his age, answered, that if its half and 
its third were added to it, the sum would be 88. What was his 

Let X denote his age; then, 

X X 

Of + — + -^ = 88 

^ Seducing the terras to a com- l^ i^ \^^ qq 

mon denominator, )~6""6' 6 

11 X 
Addfflg them together, = 88 

6 
I of 11 dP being 88, 11 a; will be 6 times 88, 11 x == 528 
Dividing by 1 1 , a? ==: 48 

jjjw. 48 years. 

^ 9. If I of a hogshead of wi^e cost $ 65; what will a hogshead 
^ cost at that rate? / {j l\ 

^ 4. There is a pole ] and } under water, and 5 feet out of 
water; what is the length of the pole.' 

X X 

Let X denote the whole lengdi. Then — + ~ + 6 must be 



equal to the whole length. Hence, 



— f-+| + 5 



Beducing to a conmion denominator, 



^X 3* I. 2* I. It 
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Adding together^ — =s= — - + 5 

Since the two members are equal, if --- be subtracted fropi 
both, they will still be equal; hence, 

X 

and ^ = 90 An$. 30 feet. 

Proof. One half of 30 is 15, and one third of thirty is IQ. 
Now 30 = 15 + 10 + 5. 

There is another mode of reducing the above equation wUch 
in most cases is to be preferred. It is the same in principle. 
• If both members of an equation be multiplied by the same 
number they evidently will still be equal. 

In the equation, 

x = ^ + ± + 6. 

First multiply both members by 2, the denominator of one <rf 
die fractions, and it becomes, 

2x^=iX -i ^ + 10. 

'3 

Next multiply both members by 3, the denominator ofv the 

other fraction, and it becomes, 

6a? = 3a? + 2a?4-80 

or 6 a; = 6 a; + 30. 
Subtracting 5 x from both members, 

0? = 30 as before. ^ 

5. In an orchard of fruit trees } of them bear apples, } of 
them pears, | of them plums, 7 bear peaches, aud 3 bear cher- 
ries; these are all the trees in the orchard. How many^ are 
there .^ 

6. A farmer, being asked how many sheep he had, answered, 
he had them in four pastures; in the first he nad | of diem, in the 
second i , in the third I , and in the fourth he had 24 sheep. 
How many had he inlbe whole? 

7. A person having spent | and | of his money, had $ 26| left. 
How much money had he at first? 

8. A man driving his geese to market, was met by another, 
ykbo said good morrow, master^ with your hundred geese; said 
he, I have not a hundred, but if I had as many more, and half 
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as many nuilte^ andtw&geese and a bi^ I AnoaM barealamdnd*: 
How many had he? O u 

9. A and B having fbund k bi^ of money, disputed about the 
division of it. A said that | and | and } of the money made 
$ 130, and if B could teU how much money there was, he. 
should have it all, otherwise none of it. How much money was 
there in the bag? /* \2. 

10. Upon measuring the com produced in a field, being 96 
bushels, it appeared that it had yrelded only one third part more 
than was sown. Hpw much was sown? '* ' 2L 

11. A man sold 96 loads of hay lo two persons; to the first ), 
and to the second j of what his stack contained. How many; 
loads dicLthe stack contain at first? 

12. A and B talking of their ages, A says to B if {, }, and ) 

of my age be added to my age, and 2 years more, the sum win 
be twice my age. What was his age? w Jj, 

13. What sum of money is that whose j , } , and } part added 
together, amount to £ 9? 

14. The account of a certain school is as follows: ,« of the 
boys learn geometry, } learn grammar, /q learn arithmetic, X 
learn spelling, and 9 learn to read. What is the number ol 
scholars in the school? /^ ; 

15. There is a fish whose bead weighs 9 lb. his tail weighs 
as much as his head and half his body, and his body weighs as 
much as his head and tail both. What is' the weight of tb« 
fish? Y^i. 

^Repres^t the weight of<4be body by x. 

16. ^here j» a fish whose head is 4 inches long, the tail is 
twice the length of the head, added to } of the length bf the 
body, and the body is as long as ,the head and tail both. What 
is tne whole length of the fish? . - .. 

17. A ^d B talking of their ages, A says to B, your age is 
twice and three fifths of my age, and the sum of our ages is 54. 
What is the age of each? . 

I8# A man divided $40 between two persons; to the first he 

gave a certain sum, and to the second only f as much. How 

much did he ^ve to each? 

3:r 
Let s denote the share of the first, — will denote the shive 

5 

2» 



\ 



olf ihb 80e«iicL Vbewi4i*d together iqnsl'Bidir $4^4 



Multiplying h^ 5, 5«r + da;ss9 200 

Adding together, ' Sx = 200 

Diyiding ^y 8, . :r == 25 == share of the first. 

— ^=: 15s= " second. 

6 

' 19. Three persons nre to share $ 290 in tlie following nian* 
ner: fhe second is to have two thirds, and the third three fourths 
as much as the first. What is the share of each?/ i^ '"g [ % * 

. 20. A farmer wishes to mix 100 bushels of provender, con- 
sisting of rye, barley, and cats, so that it may contain f as much 
barley as oats, and \ as much rye as b^ley. How much of each 
must there be in the mixture? *- #' > 

21. Divide 40 apples between two boys in the proportion of 
3 to 2. ' 

The propdrtion 3 tp 2 signifies that the second will have | as 
many as the first, j^ X 

2H. AgentleiQfiQ.gave to S fpr:sqn$ £98. The second re* 
ceived five-eighths oi the sum glv^ to the first, and the thir4 
pne-fifth of wna|: ^le secoa/l had. What did each receive ? j ^ 

23. A prize of $ 1280 was divided between two persons, b 
the proportion of 9 to 7. What was the share of e»cfa? ^ O |f^ 

24. Three men trading tp ' .cpmpfuiy, put iji nnibney in the fol- 
lowing proportion; the fost. 3 dollars ^s often as, the second 7, 
and the third 5. They gain $ 960. What.is jeacb man's share 

of the gain? P^ ^ / ^^ X ^ /^^^^ 

Observe, the second put in } <^ what therfirst put in, and the 
third put in I . 

25. Three men traded together; the first put in $ 700, the 
second $450, and the thjrd $950; .Thpy gained $420. Wtat 
was the share of each? ''•'''"' f t ' 'Y -r 

Observe, the second pijt in $JS »= }{ ss ,\ of what Ae first put 






Proof. . 34 



III. %. Ilw nwh A ^ Wy lir^:9:tf0\vm^ ffitftimrfai 

$55, and A.waa U> pAy^ $13 mqre thw B. Wt^t 4^4 each 

Suppose B paid x dollars ; A was to pay 13 doBftsa mcit^ i 
therefore he paid a? -j- 13. These put together must ^akeihe 
whole 55 dollars. , 

. ;a: + a: -f 13 = 55 
Putting the ar's together, 

2ar+13 = 55 
It appears 'thid- 2 f h^not so much as 5$ l^ 13, thei:|^fare.dJE- 
tdgl3from55, 

3tf s= 56 ~ 13 
. 2'a; sa 42 ■ 
Dividing by 2, s ss 21 n B's sfaare. 

B's diare is $21,^ and A's, bemg .13 mqre, is $ 34, 

'X + 13 = 21 4-13 M 34 = A's share. 
T 21 sc: 55 the wholdsum. 

2. A man bought a horse and chaise for $300; the horse cost. 
j^ 23 more than the chaise. jWhat was the price of each ^ j j i' 

3- A man bequeathed his' estate of $ 12000 to his son jand 
daughter ; the son was to have $ 2350 more than the daughter. 
What was the share of ^ach? fyC ^:=^ J-l ^ i i'^ 

4. A father who has three sons, leaves them 16000 crowns. 
The win specifies that the eldest shall have 2000 crowns more 
fban t|^ sec<jHKl» and that the second shall ha?re lOQO n^pre than 
the youngest. What is the share of each? 

Let X denote the aqinb^Br of ccowns in the share of .the young- 
^t, th^n X 4- 1000 will denote the ^bare of the second, and 
ar + 1000 4- 2000 will denote the share of the eldest. These 
f ddpd toge|her must make the whole sum. 

a? 4- a? 4- 1000 4- X 4- 1000 + 2000 = 160U0 
Puttjf g togQt^er the x's and the numbera, 

.3 a; -rf 4000=16000 
Ft appe^ thpt 3 ar is not so much as 160Q0 by 4000, therefore 
subtracting 4000 from 16000, 

3 a: :»: 16000— 4000 
3ar = 12000 
Dividing by 3, « = 4000 = share of the yoimgest. - 

The share of the youngest is 4000 crowns ; add to this 1000, 
It makes 5000, the share of the second, 

X 4" 1000 = 5000 = share of the second 



Add 3000 more, it mikes 7000^ the share of the eldest, 
9 -f 1000 4- 2000 =3 7000 3= share of the eldest. ^ 
Proof, The several shares added make 16000 crowns which 
tt the whole estate. 

5. A draper bought three pieces of cloth, which together mea- 
sured 159 yards ; the second piece was 15 yards longer than 
the first, and the third Was 24 yards longer than the second. 
What was the length of each? TC -^ "i !>^ 

- 6. A gentleman bequeathed an estate of $ 65000 to his wife, 
two sons, and three daughters. The wife was to have $ 2000 
less than the elder son, and $ 3000 more than the younger son; 
and the portion of each of the daughters was $ 3500 less than 
that of the younger son. Required the share of eachl ' IC^ 6^ ^ 

The 1st example may be performed differently. Let x de« 
note the number of dollars paid by A ; B paid $ 13 less, there* 
fore X — 13 will represent the number kA dollars paid by B. 
These added together must make the whole. 

x + x — 13 = 55 
Putting the a:*s together, 2x — 13 = 55 
It appears that 2 x is more than 55 by 13, therefore add 13 to 
55 to make 2 or, 

2a? = 55 +13 

22r = 68 
Dividing by 2, ar = 34 == A *s share. 

This gives A's share $34, from which subtract j( 13^ and it gives 
B's share $21, as before, 

X — 13 = 21 = B's share. 
In the same manner perform the 2d and 3d. The 4th may 
be solved in a similar manner. 

Let the elder son's share be represented by x. The second 
son's share, being $ 2000 less, will be or — 2000. The younger 
son's share, being $ 1000 less still, will be a; — 2000 — 1000. 
These added together must make the whole sum. 

-r + a? — 2000 + « — 2000 — 1000 = 16000 
Putting the ar's together and the numbers together, 

Sa? — 5000= 16000. 
It appears that 3 a; is more than 16000 by 5000, therefore add 
5000 to 16000, 

3ar= 16000 + 5000 
3ff» 21000 
Dividing by 3, ar «a 7000 
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Jlbff ^er^on-s sb^re U $7000, as be{?re« The otbers nuiy 
bQ e^i^Uy foui:^ frorn this. 

Again, let x denote the second scm's share. The el<^r ^q's, . 
b0iQg.$3QOO moroi will be a; 4~ ^^^0* I'b^ younger son's, 
beiQg $ 1000 le^s, will he x — 1000. These added together ; 
must make the whole. 

X + 2000 + » + ar — 1000 = 16000 
PutUng the op's together and the nunibers togetl|er« r 

3 a: + 1000= 16000 

3«= 16000— 1000 
3ap= 15000 
x:zx=: 5000 • 

The second son's share is ^ 5000, as before. From ^his t^e 
rest are easil)' found. 

Perform the 5th and 6th in a similar way. 

* 7. At a certain election 943 men voted, and the candidate \. 
chosen had a majority of 65. How many voted for each } n ^ n 

B. A person employed 4 workmen ; to the first of whom he 
gave 3 shffiings more than to the second ; to the second 3 sel- 
lings more than to the third ; and to the third 4 more than to the . 
fourth. . Their wagis amounted to 32 shillings. What did each 
receive ? • 

9. A cask, which held 146 gallons, was filled with a mixture 
of bf&ndy^ wme, a<id water. In it there were 1 5 gaUons of idne 
moritltfaiiB there were of brandy, and as much water as both wine 
and brandy. What quantity was there of each i"^ - 2 ^ 

Observe, that after the question is put into equation, tbe pqr- 
pQse is to make x stand alone in one member of the equati^, . 
equal to a known quantity in the otLer member, then the v^ue 
. of X i3 found. In tlie preceding examples in this Art. x has been 
found only in the first member, but connected with known quan- 
tities by the signs -f- and — -. In the solution of these equations 
th^ first thin^ v>as to unite all the x^s into one term^ and all the 
knoton tfwvUities into another. Then^ if the number which stood 
on the same side with x, hadJhe sign -^ before itj that number . 
was sui^rcictid from the other member of the equation ; but if ii[ 
kid the sign -^ before tf , it was added to the other member. * 
Then the second member was divided by the coefficient of x, dni* 
the answer was obtained* 

id. A and B began to trade with equal stocks. In tbe first ^ 
/ear A gained a sum equal to twke his stock and Jl27overV 
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B gained a sum equal to bis stock and £163 ovw. Now die 
amount of boih their gains was equal to 5 times the stock of 
either. What was the stock ? 

Let X denote the stock. Then A's gain was 2x -^ 27, and 
B's was a; 4- 1^3. These added together must make 5 times 
the stock, that is, 5 x. 

6 a: = 2 ar + 27 + X + 153 
Uniting the ar's in 2d member, and the numbers^ 

6a: = 3a?+ 180 
Subtracting 3 x from both sides, 

2a: = 180 
a?= 90 

11. A young man being asked his age, answered that if 
the age of his father, which was 44 years, were added to twice 
bis own, the sum would be four times his own age. What was 
his age? :Xl-=^5:£- 

12. A man meeting some bepars, gave each of them 4 
pence, and had 16 pence left ; ifbe had given them 6 pence 
apiece, be would have wanted 12 pence more for that purpose. 
How many beggars were there, and how jxiuch money had 

ne? X-^'/T^ 

Let X represent the number of beggars. 

13. A man has six so^s, each of whom is 4 years older than 
his next younger brother ; and the eldest b three times as old as 
the youngest. Required their ages. 9C — / 6 

14. Three persons, A, B, and C, make a joint contribution, 
which in the whole amounts to £76, of which A contributes 
a certain sum, B contributes as much as A and £10 more, 
and C as much as A and B both. Required their several 
contributions. JX '^/^ 

15. A boy, being sent to market to buy a certain quantity 
of meat, found that if he bought beef, which was 4 p^ice per 
pound, be would lay out all the mpney he was entrusted with ; 
out if be bought mutton, which was 3| pence per pound, 
he would have 2 shillings left. How much meat was be sent 
for? ^ --j->^ 

16. A man lying at the point of death left all his estate to 
his three sons, to be divided as follows : to A he gave one half 
of the whole wanting $ 500 ; to B one third ; and to C the rest. 
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which was $ 100 less than the share of B. What was the whole 
estate, and what was each son's share ? 
Let X represent the whole estate. 

X 

A's share will be 600 

2 

B*s share, . , — 

3 

C's share, . . ^ — 100 

3 

These together will be equal to the whole estate, which 
Bepreseoted by x. 

i_600 + ~ + ^ — 100«sa: 

UnLtiog x*s and numbers in the first member, 

7« ^^^ 6x 
6 6 

— is greater than — by 600, therefore 

6 6 ^ 

X 

— = 600 
6 



X =«3600 
The whole estate is $3600; the shares are $1300, $1200, 
and $ 1100, respectively. 

17. A father intends by his will, that his three sons shaD 
share his property in the following manner ; the eldest is to 
receive 1000 crowns less than half the whole fortune ; the 
second is to receive 800 crowns less than } of the whole ; and 
the third is to receive 600 crowns less than } of the whole. 
Required the amount of the whole fortune, and the share of 
each. 7C ^ S^'U'^^ 

18. A father leaves four sons, who share his property in the 
following manner ; the first takes 3900 livres less than one hatf 
the fortune ; the second, 1000, livres less than one, third of tlie 
whole ; the tlurd, exactlv one fourth ; and the fourth takes 600 
Itvres more than one fifth of the whole. What was the wbob 
fiMtune, and what did each recehre ? > _ / ' 
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1^. In a mixtare of copper, tin, and lead ; l6 lb. less thanr 
one half of the whole was copper ; 12 lb. less than one third 
of the whole was tin, and 4 lb. more than one fourth of the 
whole was lead. What quantity of etjaah was there in the mix- 
ture .? 9C ^ 9_ %^ ^ 

20. A general having lost a battle, found that he had only 
3600 men more than one half of bis army left, fit for action ; 
600 more than one eighth of them being wounded, and the rest, 
which amounted to one fifth of the whole army, either slain or 
tobj/^n* prisoners. Of how many men did his army consist before 
Uie battle ? %-^ <i I) C^i^iJ> \ 

21 . Seven eighths of a certain number exceeds four fifths of 
it by 6. What is that number } <y -^^ ^ C 

22. A and B talking of their ages, A says to B, one third of. 
my age exceeds its fourth by 5 years. What was bib age? £ /) 

23. A sum of money is to be (fivided between two persons, 
A and B, so that as often as A takes £ 9, B takes £ 4. '^Now it 
happens tliat A receives £lb more than B. What is the shar^ 
of each? 9C - / 

24. In a mixture of wme and cider, 25 gpHons more than half 
the whole was wine, and 5 gaUgns less than one third of the whole 
was cider. How many eallons were there of each ? 

IV. 1. A man having, some calves add some sheep, and 
being asked how many he had of each aort, answered, mat he 
Idftd 20 more sheep than calves, and that three times the number 
of sheep was equal to seven times the number of calves* How 
Vi&ny were there of each ? 

L^t X denote the number of cahres. 
Then a: + ^^ will denote the number of sheep. 
7 times die number of calves is 7 a? ; 3 times the number of 
abeet> is 3ar + 60 ; for it is evident that to take 3 times a? + 20, 
h is necessary to multiply both terms by 3. 
By the conditions these must be equal, 

7ar = 33r + 60. 
>su Subtracting 3 x from both members, 
;..s 4a: = 60 

(u. a: = 15 === number of calves. 

,j . [ „ « 4" 20 = 35 === number <rf Sheep. 

Ms. 15 cdves, ioji 85 sheep. 



2. Two meD talking of their ages, the filrst $ajrs, your i^e is 
18 years more than mine) and twice your age is equal to three 
times mine* Required the age of eaeh. X.^^ S j^ 

3. -Three men. A, B, and C, make a joint contribution, which 
m the whole amounts to £276. A contributes a certain sum, 
B twice as much as A and £ 12 more, and C three times as 
much as B and *£ 12 more. Required their several contribu* 
tions. ^-=^9,^ 

4. A man bought 7 oxen and 11 cows for $591. Fortfat 
oxen he gave $ 15 apiece more than for the cows. How mach 
did he give apiece for each ? 

Let X denote the price of a cow. 
Then the price ol an ox will be a; -f- 15. 
11 cows at X doUars apiece will come to 11 x doUars. 
If one ox cost x 4- 15 dollars, 7 oxen will cost 7 times x -f* 
15, whiph is 7 a; + 105. 

The price of the oxen and of the cows added together wiB 
make $ 591, the whole price. 

11 <r 4-7x4- 105 = 591 
Uniting x% 18 a? 4- 105 ss 591 

StibtFaciiag 105 from both members, 

18 « -s 486 
Dividing by 18, * a: =; 27 = price of cows* 

s 4- 15 =» 42 =s: price of oxea« 

5. A man bought 20 pears and 7 oranges for 95 cents. For 
the oranges he gave two cents apiece more than for the peanK 
What did he give apiece for each ? 9^ •^^ J 

6. A man bought twenty oranges and 26 lemons for |^1.^5. 
For the oranges he gave 3 cents apiece more than for the lem- 
ons. What did he give apiece for each ? 9^ t. :^ 

7. Two persons engage at play, A has 76piineas, and B 52, 
before they begin. After a certain number of games lost aiid 
won between them, A rises with three times as many guineas-os 
B. How many guineas did A win of B ? 

Let X denote the number of guineas that A won of B. 

Then A, having gained x guineas, will have 76 4* a; 

B, having lost x guineas, will have only 52 — * « 

A has now three times as many as B,'tbat is, 3 times 52-^41^ 
which is 1 56 — 3 a:. It is evident that both 52 and x must 1w 
nuiitipUed by 3, becanro 52;j8 a number too large hy x; iinu^ 
fere d times >62 .will be tooiaive bjr a«. 

S 
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75 + a:=156 — 3ar 

a:=166 — 3« — 76 
« + 3a:= 166 — 76 

4a?:5= 166 — 76 

4a?== 80 

•Sns, 20 guineas. 

Proof. If A won 20 guineas of B, A will have 96 and B 32, 
8 times 32 are 96. 

' This equation is rather more difficult to sohre than any of the 
preceding. In the first place I subtract 76 from both members, 
^o as to remove it from the first member. Then to get 3 z* out 
of the second member, which is there subtracted, I add 3 x to 
both members ; then the i?'s are all in the first member, and the 
known numbers in the other. 

N. B. Any term which has the sign +> either expressed or 
understood, may be removed from one member to the other by 

eVing it the sign — ; for this is the same as subtragting it from 
)th sides. Thus a; 4* 3 s= 10 ; « is not so much as 10 by 3, 
we therefore say a: = 1 — 3. Again, 6 a: = 18 + 3 a:. Now 
5 X is more than 18 by 3ar, therefore we may say bw — 3a?=s: 18. 
Any term which has the sign — before it may be removed 
from one member to the other by giving it the sign -f^. This 
is equivalent to adding the number to both sides. Thus 6 a; — ^3 
mam 17. In this It appears that 6ar is more than 17 by 3 ; there- 
fore we say 6 a? = 17 + 3. Again, 5 a? = 32 — 3 a:. Here 
it appears that 6 a: is not so much as 32 by 3 a; ; therefore we 
say 6 a? 4~ '^ ^ = '^^* "^^^^ ^^ called transposition. 
> Hence it appears thai any term may be transposed from on^ 
member to the other ^ care being taken to change the sign. 
, In the last example, 76 was transposed from the first member 
to the second, and the sign changed from -^^ ^ — ? ^^ ^ ^ 
was transposed from the second member to the first, imd tlie 
sign changed from — to +. This has been done in many of 
the preceding examples. 

When a number j consisting of two or more terms, is to be fstcl- 
Uplied, all the terms must be muUipliedj and their signs preserved, 
jk the last earample, 62 — Xj muUiplied by 3, gave a product 166 

* 8. A person bought two casks of wine, one of which held 
fldcdy three dmes as much as the other. From each be drew 
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4 gaOonS) and then there were four times as many gallons remain'^ 
iBg in the lai^er as in the smaller. How many gallons were there 
in each at first ? 

Let X denote the number of gallons m the less at first. 

Then th^ number of gallons in the greater will be 3 x. 

Taking 4 gallons from each, the less will be a? — 4 

And the greater . . . .3 a? — 4 ^ 

The greater is now 4 times as large as the less ; 4 times x -^ 
4 IS 4 a: — 19': 

4x — 16 = 3i? — 4 

By transposing 16, 4 a? = 3ap + 16 — 4 

By transposing 3ap, 4a? — 3a?=16 — 4 

JUmting terms, a; = 12 = less. 

3 a: = 36 = greater. 
^ ^ns. Less 12 gallons, greater 36 gallons. 

Proi^t 36 is three times 12 according to the conditions. 
Take 4 from each, ^en one contains 32 and the other 8. 32 
is 4 times 8. 

9l a man wbai he was CMrried was iSasee times as old as his 
wife; after they had lived together 15 years, he was but twica . 
as qld. How old was each when they were married i^^ rr^ /J^ 

rj^b. A farmer has two flocks of sheep, each containing the 

±e number. From one of these he sells 39, and from the 
$r 93; and finds just twice as many remaining in the one as 
in the other. How many did each flock originally c^main i * ^ . s 

1 1 . A courier, who travels 60 miles per day, hadoeen des- 
patched 5 days, when a second was sent to overtake him ; in 
order to which, he must go 75 miles per day; in what time will 

he overtake the former ? -^ ^^ ' ^ <^ 

- -^ 

12. A and B engaged' in trade, A with £240, and B with jB96. 
iMbst twice as much as B ; and upon settling thnr accounts il 
appeared that A had three times ^ much remaining as B. How 
much did each lose i 9^ - </ /<' 

Let x denote B's loss, then 96 — a: will denote what he had 
remaining. 2 a? will denote A's loss, and 240 — 2x what he 
had remaining, &c. 

13. Two persons began to play with equal sums of money; 
the first lost 14 shillings, and the other won 14 shillings, and then ; 
the second had twice as many shillings as die first. What sum 
had each at first ? . _^ ^ 4 ' ^ 
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14. Says A to 6, 1 have 5 times as much money as jon ; jeSf 
says B, but if you will give roe $ 17, I shall have seven times as 
much as you. How much had each? / " /| i 

15. Two men, A and B, commenced trade ; A ha4 $ 500 less 
than 3 times as much money as B ; A lost $1500, and B gaioed 
$ 900^ then B had twice as much as A. How much had each 

^atfiist? -., .: ,1 ) f ^ ^' 

1^. From each of 15 coins an artist filed the value of 2 shit 
lings, ^nd then offered them in payment for their original value ; 
but being detect<^d, the whole wefe found to be worth noinore 
than $ 145. What was their original value? / q 

17. A boy had 41 apples, which he wished to divide betwetn 
three companions, as follows ; to the second he wished to give 
twice as many as to the first, and three apples more ; and to 
the third he wished to give three times as many as to the 
secbnd, and two . apples more. How many must he ^ve ta 
each ? / 3 

# 

18. A person bujrs 1^ pieces of doth for 149 crowns : 2 are 
white, 3 are black, and 7 are blue. A piece of the black costs 2 
crown3 more than a piece of the white, and a piece of the blue 
costs 3 crowns more than a piece of the black. Required the 
price of each kind. ' "^ " • 7 

See example 4th of this Art. 

• 

19. A man bought 6 barrels of flour and 4 firkins of butter ; 
he gave $2 more for a firkin of butter, than for a barrel of flour ; 
and the butter and flour both cost the same sum* What did he 
give for each ? -^ 

20. A grocer sold his brandy for 25 cents a gallon more, than 
his wine, and 37 gallons of his wine came to as much as 32 gal- 
lons o[ his brandy. What was each per gallon i, / -^^ / 

21. A man bought 7 oxen and 36 cows ; he gave $ 18 apiece 
more for the oxen than for the cows, and the cows came to three 
times as much as the oxen wanting $3. What was the price of 
each } 

22. A man sold 20 oranges, some at 4 cents apiece, and some 
at 5 cents apiece, and the whole amounted to 90 cents. Hfow 
many were there of each sort ? 

It he had sold 13 at 5 cents apiece, then the number sold at 4 
•eDts apiece would be 20 — 13, or 7. 
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In tbe sfime manner,- if he sold ir oraages at 5 cents 'tjn^be, 
then he sold 20 — x oranges at 4 cents apiece, x cnoiges at 5 
cents apiece would come to 5 x crats, and 20 — x oranges at 4 
cents apiece wotdd come to 4 times 20 — x cents, which is 80 
— 4x cents. 

These added together must make 90 cents, therefore 

5a: + 80 — 4a: = 90 
By. transposing 80 and uniting terms, a; = 10 at 5 cents^ 

Ans. 10 of e^ch sort* 

23. A man dying left an estate of |^2500 to be divided be- 
tween his two sons, in such a manner, that twice the elder son's 
share should be equal to three times the share of the second. 
Required tbe share of each. 

Let X denote the younger son's share. 
Then 2500 — x will denote the eld^r soa's share. 
Twice the elder son's share is 5000 — 2 a:. 
By the conditions, 3 a = 6000 — 2x 
By transposition, bx =. 5000 
Dividing by 5, a: = 1000 

2500— 1000= 1500 

Ans. Elder son $ 1500, younger son $ 1000. 

24. Two robbers, after plundering a bouse, found they had 
35 guineas between them ; and that if one of them had 4 guineas 
more, be would have tmce as -many as tlie other. How many 
had each? C^ - 2 2. 9 i""- X - 15 

25. A man sold 45 barrels of floor fer $279 ;. some at $ 5 
and some at $ 8 per barrel. Hc^w many barrels were there of 
each sort? ^ ^ ^V 

26. A man sold some oxen and some cows for $ 330 ; tbe 
whole number was 15. He sold the cows for $ 17 apiece, and 
the oxen for $32 apiece. How many were there of eack 
sort? ry^ -^ 5^, 

27. After A had lost 10 guineas to B, he wanted only 8 guineas 
in order to have as much money as B ; and together they had 6D 
guineas. What money had each at first? 

Let X be the number of guineas A had. 
Then 60 — x will be the number B had. 
A lost 10 to B, therefore A's is diminished by 10, and Bli 
increased by 10, which makes A's x — 10, and B'« 70 — ar. 

3» 



B7 tb8 oooditiODSy 9-^ 10 + 8e=t^70— *• 
Tinaspoeing and uniting, 2 « »s 72 

0^ srs 36^ ;=s: what A had. 
60 — 3^=: 24 » what B had. 

28. Divide the number 1 97 into two such parts, that four times 
the greater may exceed five times the less by 60. 'X — / J^^ 

29. Two workmen were employed together for 50 days^ at & 
ahiBingi per day each. A spent 6 pence a day less than B did^ ' 
and at the end of the 50 days he found he had saved twice as - 
much as B, and the expense for two days over. What did each 
spend per day.^ 

Let X denote what A spent per day (in pence). 

Then 60 — x (5s. being 60d.) will be what he saved per 
day. 

B slaved 6d. less than A. 

Therefore 54 — x will be what B saved per day. 

Multiplying both by 50, the number of days, 

A saved 3000 — 50 x, and B saved 2700 — 50 x. 

By the conditions A saved 2x more than twice what B 
saved. 

Therefore 3000 — 50 x = 5400 — 100 x + 2 x 

Transposing and uniting, 48 x =: 2400 

X s= 50 3s what A spent. 
50 -|- 6 sss 56 as: what B spent. 



» 

v. 1. Two persons talking of their ages, A said he was 

25 vears older than B, and that one half c? his age was equal 

to tliree times that of B wanting 35 years. What was the age 

of each? . 

Let X denote the age of B.* 

Then the age of A will be x + 25. 

I of X + 25 Is expressed — ^^ — 

Hence we have 3x — 35 =» — ^^^ — 

2 

Multiplying by 2, 6x — 70= x +25 

By transposing x and — 70, 6 x — x =» 25 + 70 
IJniting terms, 5 x s=s 95 

Dividing bv 5, x sas 19 ss B*s age. 

« J. 25 =. 44 = A's age. 
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2. Two men tsiiang itf tbcir botfse^ A sm to JB^, njr borM^^ 
is worth ^2A more than jours, and } of the tttlue of my' 
horse is equal to | of the value of yours. What is the vahM 
of each? 

Let X denote the value of B's hovae. 
Then the value of A's will be a: + 25. 

, r t «e • « + 25 ., o . , ^» r 3x-t-76 
. I of « + 25 IS — . — ^, }is3 times as much, thatis ^^ 

6 6 

By the conditions, " — =— : 

Multiplying by 5, == 3 « + 76 

4 

Multiplying by 4, 15 x == 12 ar + 300 

3x = 300 
a? = 100 

^ns. Ah $ 125, B's $ 100. 
Proof. The first eoodilioii is evidently answered. With re- 
gard to the second, { of 125 is 75, and } of lOO is 75. 

3. Two men talking of their ages, one says, my age is now { 
of yours, bat in twenty years from thb time, if we live, it wiB 
be t of yours. Required the age of each. 

Suppose the age of the elder x. 

Then the younger will be — . 

4 

In 20 years the age cS the eldel* vfSi be r -f- 20, and of the 

3ic 1 

younger 1- 20. 

4' 

T> .1- J- • 4«4-80 3ar , ^- 
By the condmc>ns 1 = — -f" ^0 

5 4. 

Multiplying by 5, . 4 x + 80 « — + 100 

4 

Multiplying by 4, 16 ap + 320= 15 a:+400 

T = 80 = age of elder. 

3:r 

' -. t 60 ass age of j-oungar* 
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4. A nun bdng asked the valiie <^ his horse and chaise, 
answered, that the chaise was worth $50 more than the 
horse, and that one half of the value of the horse was equal to 
one third of the value of the chabe. Required the value of 

each. 'X •v.;^ // /j 

5. Two persons talking of their ages, the first says, | of my 
age is equal to f of yours ; and the difference of our ages is 10 
years. What are their ages? pC "^ I k 

6. There are two towns situated at unequal distances firora 
Boston, and on the same road. They are 30 miles apart. { 
of the distance of the second from Boston is equal to ] of 
the distance of the first. What is the distance of each from 
Boston.J^ % - I S^6 

7. A man being asked the value of bis horse and saddle, an- 
swered, that his horse was worth $ 114 more than his saddle, 
and that | of the value of his horse was 7 times the value of his 
sapldle. What was the value of each? ^y ■=:. / 2. 

8. A hare is 40 rods before a greyhound, but she can run only 
{4IS fast as the greyhound. How far will each of them run be- 
fore the greyhound will overtake the hare?*:/' * i! Q ^ 

9. A gentleman paid 4 laborers $ 136 ; to the first he paid 
3 times as much as to the second wanting $ 4 ; to the third one 
half as much as the first, and $ 6 more ; and to the fourth 4 
times as much as to the third, and $ 5 more. How much did he 
pay to each? ^(^ n / (j 

10. A man bought some cider at $4 per barrel, and some 
beer at $7. There were 6 barrels more of thecider than of the 
beer ; and f of the price of the beer was equal to J of the* price 
of the cider. Required the number of barrels of each.x :s: / 

11. Two men commenced trade together; the first put m 
£40 more than the second, and the stock of the first was to 
tliat of the second as 14 to 5. What was the stock of each? 

. 14 to 5 signifies the second is ^ of the first. * -.-. <' '; - 

12. A man's age when he was married was to that of his 
wife as 3 to 2 ; and when they had lived together 4 years, his 
age was to hers as 7 to 5. What were their ages when ther 
were married? X - 'S'- ^ 

13. A and B began trade with equal siuns of money. In the 
first year A gained £40, and B bst £40 ; but in the second, 
A lost one third of wliat he then had, and B gained a sum less 



bj £40 than twice the sum A bad lost VTv4ien'fr apyieared tfnt 
B bad twice as much mortej a$> A« What: money did emrb be^ 
gin with? • 

Let X he the number of f)ounds tech bad at first. Tlie s> 4- 
40 wiU.be the sura A bid at tbe end of tlie first: jear ; and^ — 
40 tbe sum B had. 

The second year A lost | of what he then had, conse<)uont!]r 

be saved J ; his sum will then be ■' • ■ . 

B 

B gamed twice as much as A lost wanting £40; bis will ba. 

X — 40 + 1 — — 40. 

3 

P>' bad now twice as much as A, 

IL =a;— 40H ^ 40. 

Multiplying ty 8, 

4a: + 160 == ^ a: -^ 120 + 2 ar + 80 — 120; 
Transposing and uniting, 

— a:= — 320. 
Transposing again, 320 = Xj 

Jfoie. In this example tbe resuk had the sign — in both 
members, but by transposmg* it has the sign +• R would Have 
been the same tning if tbe signs bad been changed without trans-* 
posing. Tl)^e result would have come out right if the first mem*- 
oer bad beeu made tbe second, and tbe second first, in the first 
equation. « 

14. A person playing at cards, cut tbe pack in such a manner,, 
that I of what he cut off were equal to* |. of the remakider. How 
many did be cut off.? ><1 -^ y /^ 

15. Divide ^183 between two men, so that f of what tbe firet ^ 
receives, shall be equal to /^ of what the second receives. What 

will be the share of each.? '^x' ^^. ,' ^ i 

16. A man sold 20 bushels of grain, rye and wheat; the rye. 

at 5s. and the wheat at 7s. per bushel ; § of the rye came to as j 

much as i^ of the wheat. How much was there of each?^< ' ' | 

17. What number is that from which if 5 b© subtracted two j 
diirds of the remainder will be 40.? P'^ . . I 

18. A man has a lease ios 99 years ; aad being asked bow i 
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much of it vns already expred, answered, that two t}iirds of the 
time past was equal to four fifths of the time to come. Required 
the time past, and the time to come. '^ -r:- y- ^ 

19. It is required to divide the number 50 into two such parts, 
that three fourths of one part added to five sixths of the other 
may make 40. "^C "^ V- (y 

20. Two workmen received equal sums for their work ; but 
if one of them had 'received 1& dollars more, and the other 3 
dollars less, then | of the wages of the latter would haye been 
equal to } of the wages of the former. How much did each re- 
ceive .^X -- 1 V 

21. A certain man, when he married, found that his age was 
to that of his wife as 7 to 5; if they had been married 8 years 
sooner, his age would have been to hers as 3 to 2. What were 
their ages at the time of their marriage? , / S- / 

VI. 1. Divide the number ^into two such parts, that the 
difference between the greater and 84, may be equal to three 
times the excess of 40 above the less. 

Let or = the less. 

Then 68 — a: = the greater. 

68 — a: must be subtracted from 84- Observe that 68 — « is 
not so great as 68 by x. Therefore if I subtract 68 from 84, I 
shall subtract too much by the quantity or, and I must add x to 
obtain the true result. 

Then we have 84 — 68 + « for the difference between 84 and 
68 — X, 

The excess of 40 above the less is 40 — i, and 3 times this 
is 120 — 3ar. 

By the conditions, 84 — 68 + a^=120 — 3a? 

Transposing and uniting, 4 a; = 104 

Dividing by 4, x = 26 = less. 

68 — 26== 42= greater. 

JVo^«. In this question 68 — x was subtracted from 84. In* 
stead of a:, now put its value, 68 — 26. Now 68 — 26 = 42, 
that is, the number to be subtracted from 84 is 42, and the an- 
swer must be 42. When 68 is subtracted from 84, the result 
is 16, which is too small by 26, the value of a: ; to this it is ne- 
cessary to add 26, and it makes 42, the true result, 84 — 68 -f- 
26 = 42. This shows that we did right in adding x after sub- 
tracting 68. This will always be lound true. Therefore, 



uhsn any of the quanHHes to be euitracted have the sign — ie- 
fore them^ they must be changed to 4~ i^^ stibtractingy and thoH 
tohich have -{- must be changed to — • 

2. A gentleman hired a laborer for 20 days on condition that^ 
for every day he worked, he should receive 7s., but for every 
day he was idle, he should forfeit 3s. At the end of the time 
agreed on he received 80 shillings. How many days did be 
work, and how many days was he idle? 

Let X .= the number of days he worked. 
Then 20 — x = the number of days he was idle. 
X days, at 7s. a day, would come to 7 a? shillings. 
20 — a:,«at 3s. per day, would be 60—^ j? shillings. This 
must be taken out of 7 ar. 

By the above rule 60 — 3 ar, subtracted from 7 a;, leaves 7 x 
— 60 + 3 ar ; for 60 is too much to be subtracted byJ3 «; 
By the conditions, # 

7 a: — 60+ 3 a: = 80. 
Transposing and uniting, 

10 ar= 140. 
Dividing by 10, ar= 14 = days he worked. 

20 — a:= 6 = days he was idle. 

3. Two men, A and B, commenced trade ; A had twice as 
micb money as B ; A gained $ 50, and B lost $ 90, then the 
difierehce between A's and B's money was equal to three times 
what B then had. How much did each commence with? 

4. Two men, A and B, played together ; when they com- 
menced they had $20 between them, after a certain number of 
games, A heid won $ 6, then the excess of A's money above B's 
was equal to | of B's money. How much bad each when they 
commenced? 

5. DiWde the number 54 into two such parts that the less 
subtracted from the greater, shall be equal to the greater sid>tract- 

' ed from three times the less. What are the parts? 

6. It is required to divide the number 204 into two such parts 
diat i of the less being subtracted from the greater, the remainder 
will be equal to f of the greater subtracted from four times the 
less. 

Let X a=s greater part. 

Then 204 — arsss: the less part* 



} of the less is 



40d — 2 ar 



5 

By the conditions, 

408 — 2a: ^^ . 3a? 

X — =816 — 4* — — . 

6 7 

M«iltiplying by 6, 

1ft X 

5 a; — 408 + 2 a? = 4080 — 20 a; . 

7 

Multiplying by 7, 

35 X —2856 + 14 a:=28560 — 140 a; — 15 x. 
Transposing and uniting, 

204 a; =^ 31416 
a; =154 
204 — x = 50 
Let X denote the less number, and solve the question again* 
JSTote. Observe, that after multiplying by 5 in the above 
example, the signs of both terms of the numerator were chang* 
ed, that of 408 to — , and that of 2 a; to + ; this was done be- 
cause it was not required to subtract so much as 408 by 2 Xm 
The change of signs could not be made before multiplying hy 
5, because the sign — before the fraction showed that the 
whole fraction was to be sobtracted. If the signs of the frac- 
tion had been cnanged at first, it would ha\'^e been necessary to 
put die sign -f- before the fraction. This requires particular at- 
tention, because it is of great importance, and there is danger of 
forgetting it. 

7. A man bought a horse and chaise for $341. Now if { of 
the price of the horse be subtracted from twice the price of the 
chaise, the remainder will be the same as if | of the price of 
the chaise be subtracted from three times the price of the horse* 
Required the price of each. < . /. 

8. Two men, A and B, were playing at cards ; when they 
began, A had only } as much money -as B. A won of B $23 ; 
then I of B's money, subtracted. from A's, would leave one 
half of what A had at first. How much had each when they 
began? 

9. A man has a horse and chaise. The horse is worth $ 44 
'less than the chaise. If f of the value of the horse be sub- 
tracted from the value of the chaise, the remainder will be the 
8am<3 as if from the value of the horse you subtract } of the ex- 



cess of the value of the horse above 84 dolars. What b the 
value of the horse? 

VII. The examples in this article are intended to exercise 
the learner in putting questions into equation. They require 
no operations which have not already been explained. It 
was remarked, that no rule could be given for putting ques- 
tions into equation, but there is a precept which may be very 
useful. 

Take tht unkfwwn quantity^ and perform the same aperoHont 
on ity that it would be necessary to perform on the answer to see 
if it was right. When this is done the question is in equation. 

1. A and B, being at play, severally cut packs of cards so as 
to take off more than they left. Now it happened that A cut 
off ^wice as many as B left, and B cut off seven times as many 
as A left. How were the cards cut.^ 

Let X = the number B left. 

Then 2 :p = the number A cut off. 

52 — a? = the number B cut off. 

52 — 2 a: = the number A left. 
By the conditions, 7 times 52 — 2 x are equal to 52 — x. 

364— 14a? = 52 — ar. ^ 

Take the numbers of the answer and endeavor to prove that 
they are right, and you will see that you tske the same course as 
above. 

2. A man, at a card party, betted 3s. to 2 on every deal. 
After twenty deals he had won 5 shillings. At how many deals 
did he win? 

Let X F= the number of deals he won. 

Then 20 — ap=: the number of deals he lost. 

Every time he won, he won 2 shillings ; that will be 2 ar shil- 
ling. 

Every loss was 3 diilllngs ; that will be 3 times 20 — x, or 
60 — 3ar. 

The bsis must be taken from the gain, and he will have 5 shil- 
lings left. 

2 » — 60 + 3 * = S- 

9 What two numbers are to each other as 2 to 3 ; to each 
of which, if 4 be added, the sums will be as 5 to 7. 

4 
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Let ff asrs the first number. 

Then — = the second. 
2 

Sx 

Adding 4 to each, they become a? + 4, and -— -|- 4. 

The first is now f of the second, or the second is \ of the 
first. 

7a: + 28 3a: , ^ 
! = — +4. 

5 2' 

4. A sum of money was divided betwe^i two persons, A and 
B, so that the share of A was to that of B as 5 to 3. Now A's 
share exceeded | of the wliole sum by % 60. What was the 
share of each person? 

Let X = A's share. 

> 

Then — = B's share. 

5 

3« 

a? 4- — = whole sum. 

^ 5 

, - , 3a? . 5a: , 15a? 5ar , x 

! of a? + — IS -TT- + y or -—- + --- 

• ^5 9 ^ 45 ' 9 3 

By the conditions, 



o ar I X • _ . 
x = — + — + 50. 

5. The joint stock of two partners, whose particular shares 
differed by 48 dollars, was to the less as 14 \x\ 5. Required 
the shares. 

6. Four men bought an ox for $43, and agreed that those, 
who had the hind quarters, should pay } cent per pound more 
than those, who had the fore quarters. A and B had the hind 

Juarters, C and D the fore quarters. A's quarter weighed 168 
>., B's 163 lb., C's 167 lb., and D's 165 lb. What was each 
per lb., and what did each man pay? 

7. A certain person has two sihrer cup's, and only one cover 
Ibr both. The first cup weighs 12 oz. If the first cup be cov- 
ered it weighs twice as much as the other cup, but if ihe second 
be covered it weighs three times as much as the first. What is 
|he weight of the cover, and of the second cup? 
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Let « == wei^ of the cover, 

Tfaeii 12 -{-x sss weight of the first cup covei^d. 

And 6 -^ = weight of the second cup, &c. 

S. Some persons agreed to give 6d. each to a waterman for 
carrying them from London to Gravesend ; but with this condi- 
tion, that for every other person taken in by the way, three pence 
should be, abated m their joint fare. Now the waterman took in 
three more than a fourth part of the number of the first passen- 
ers, in consideration of which he took of them but 5d. each. 

ow many persons were there at first? 

Let «== the number of passengers at first. 

X 

Then — +3= the number taken in, &c. 
4 

9. Four places are situated in the>order of the four letters, 
A, B, C, D. The distance from A to D is 134 miles, the dis- 
tance from A to B is to the distance from C to D, as 3 to 2, and 
one fourth of the distance from A to B, added to half the dis- 
tance from C to D, is three times the distance from B to C. 
What are the respective distances? ^ 

10. A fieM of wheat and oats, which t^ontained 20 acres, was 
put out to a laborer to reap for $ 20 ; the wheat at $ 1 .20 and 
the oats $ 0.95 per acre. Now the laborer falling ill reaped only 
the wheat. How much money ought he to receive according 
to the bargain? 

11. Three men, A, B, and C, entered into partnership; A 
paid in as much as B and one third of C ; B paid as much as Q 
and one third of A; and C paid in |t 10 and one third of A. 
Wliat did each pay in? 

Let :r = the sum A contributed. 

Then 4- + 10= " C " 
3 ' 

and -|-+10 + -|-=' ** B " &c. 

12. A gentleman gave in charity £ 46 ; a part of it in equal 
portions to 5 poor men, and the rest in equal portions to 7 poor 
women. Now the share of a man and a woman together 
amounted to £B, What was given to the men, and what to the 
women? 
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.Let X = the siirn a man recdved. 

Then 8 — a: == the sum a woman received, &c. 

13. Suppose that for every 10 sheep a fiurmer kept, he should 
plough an acre of land, and should be allowed an acre of pas- 
ture for every 4 sheep. How many sheep may that person keep 
who farms 700 acres? 

Let a? = the whole number of sheep. 

The number of acres ploughed will be j\, of the number of 
sheep ; and the number ot acres of the pasture will be | of the 
number of sheep ; both these added together must be the whole 
number of acres, &c. 

14. A, B, and C make a joint stock ; A pots in $70 more 
than B, and $ 90 less than C ; and the sum of the shares of A 
and B is } of the sum of the shares of B and C. What did 
each put in? 

Let X = the sum* that B put in, &c. 

, 15. Divide the number 85 into two such parts that if the 
greater be increased by 7 and the less be diminished by 8, they 
will be to each other in the proportion of 5 to 2. 

16. It is required to divide the number 67 into two such parts 
that the difference between the greater and 75 may be to the 
excess of the less over 12 in the proportion of 8 to 3. 

17. A man bought 12 lemons and a pound of su^ for 56 
cents, afterwards he bought 18 lemons and a pound en sugar at 
the same rate for 74 cents. What was the price of the sugar, 
and of a lemon? 

Let X =.the price of the sugar. 

Then 56 — a: = the price of 12 lemons, 

56 — — X 

And — = the price of I lemon. 

12 ^ 

In the same manner, 

74 X 

— = the price of a lemon. 

18 ^ 

TT 56 — X 74 — ar , 

Hence == , &c. 

12 18 

18. A man bought 5 oranges and 7 lemons for 58 cents ; a& 
teirwards he bought 13 oranges and 6 lemons at the same rate 
for 102 cents. YHiat was the price of an orange, and of a 
lemon? 
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VIII. Equations trith twa JMoiMwn QuaniiHes. 45^ 

eighths the value of the 'first. Reqmred the vahie of each 
horse. 



Equations with two Unknown Quantities, 

VIII. Many examples involve two or more unknown quan- 
tities. In fact, many of the examples already given involve 
several unknown quantities, but they were such, that they 
could all be derived from one. When it is necessary to use 
two unkDOwn quantities ia.tbe solution, the question must al- 
ways contain two condititms, from which two equations may 
be derived. When this' is not the case the question cannot 
be solved. 

1. A boy. bought 2 apples and 3 oranges for 13 cents; he 
afterwards bought, at the same rate, 3 apples and 5 oranges 
for 21 cents. How much were the apples and oranges apiece.^ 
- Let X = the price of an orange, 

and y = the price of an apple. 

1. 3ar + 2y ==* 13, 

2. 5ar + 3y = 21. 

Multiply the £rst equation by 3, and the second by 2, 

3. 9 jr + 6 y = 39 

4. 10ar + 6y = 42. 

Subtract the first from the second, because the y's being alike 
in each, the difference between the numbers 39 and 42 musi 
depend upon the ar's. 

5. X = 2 cents, the price of an orange. 
Putting this value of x into the first equation, 
6.- 9 + 2y = 13 

7. y =ss 2 cents, the price of an apple. 

Proof. 2 apples at 2 cents each come to 4 cents, and 3 
oranges at 3 cents come to 9 cents. 9 4" ^ = ^3. So 3 
apples and 5 oranges come to 21 cents. 

Mte. In this example I observed, that the coefficient of y 
in the first equation is 2, and in the second, the coefficient of 
y is 3. I multiplied the whole of the first equation by 3, and 
the whole of the second by 2; this formed two new equations 
in which the coefficients of y are alike. If the first equation 
had been multiplied by 5 and the second W 3, the coefficients 
of X would have been alike, and x mstead of y would have been 
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made to disappear by stdbtraction, and the same result would 
have been finally obtained. It is evident, that the coefficients 
of either of the unknown quantities may always be rendered alike 
in the two equations, by multiplying the first' equa,tion by the 
coefficient which the quantity mat you wish to make disappear 
has in the second equation; and the second equation by the co- 
efficient which the same quantity has in the first equation. They 
may be rendered alike more easily, when they have a common 
myultiple less than their product. 

3. A person has two horses, and a saddle which of itself is 
worth £ 10; if the first horse be saddled, he will be worth ^ as 
much as the other, but if the second horse he saddled, he will 
be worth { as much as the first. What is the value of each 
horse? 

A question similar to this has aheady been solved with one 
unknown quantify, but it will be more easily solved by using 
two of them. 

Let X = the value of the first horse, 

and y = the value of the second horse. 

Q y 

1. By the conditions, — i = a: -|- 10 

7 

5 / * ^ 
8. By transposition, — ^ — a? = 10 

4. « if_y=10 

5 ^ 

Multiply the 3d by 7, and the 4th by 6, to free them from 
denominators; 

6. — 7a? + 6y = 70 
.6. 8x — 5 y =«: 50 

« Multiply the 5th by 5 and the 6th by 6, in order to make the 
coefficients of y alike in the two; 

7. , — 35 a: -|- 30 y = 350 

8. 48«-^30y = 300 
Add together 7th and 8th, 

9. 48 a: — 35 ar + 30 J — 30 y = 350 + 300 

10. Uniting terms, 13 a: s= 650 
U. ar= 50 
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Puuing 50, the value of or, into the 5tb, 
12. f 6y— 350= 70 

13 6 y = 420 

14. y= 70 

Ann, The first is worth cf 50, and the second f* 70. 
J^ott. In this example the 30 y in the 7tli equation had the 
sign + 5 and in the 8th the sign — before it, hence it was neces- 
sary to add the two equations together in order to make the y 
disappear, or as it is sometimes called, to -tlimmait y. 

3. A market-woman sells to one person, 3 quinces and 4 
melons for 25 cents, and to another, 4 quinces and 2 melons, 
at the same rate, for 20 cents. How much are the quinces and 
melons apiece? 

4. In the market I find I can buy 5 bushels of barley and 6 
bushels of oats for 27s., and of the same grain 4 bushels of bar- 
ley and 3 bushels of oats for i8s. What is the price of each per 
busheli * 

5. My shoemaker sends me a bill of § 12 for 1 pair of boots 
and 3 pair of shoes. Some months afterwards he sends me a 
bill of $ 20 for 3 pair of boots and 1 pair of shoes. What are 
the boots and shoes a pair? 

6. Three yards of broadcloth and 4 yards of taffeta cost 57s. 
and at the same rate 5 yards of broadcloth and 2 yards of tafieta 
cost 81s. What is the price of a yard of each? 

7. A man employs 4 men and 8 boj^s to labor one day, and 
pays them 40s.; the next day he hires, at the same wages, 7 
men and 6 boys, and pays them 50s. What are the daily wages 
of each? 

8. A vintner sold at one time 20 dozen of port wine and 30 
doz. of sherry, and for the whole received £ 120; and at another 
time, sold 30 doz. of port and 25 doz. of sherry at the same 
prices as before, and for the whole received £ 140. What was 
the price of a dozen of each sort of wine? 

\ ^9. A gentleman has two horses and one chaise. The first 
borse is worth ^ 180. If the first horse be harnessed to the 
chaise, they will together be worth twice as much as the second 
horse, but if the second be harnessed, the horse and chaise will 
be worth twice and one half the value of the first. Wliat is the 
value of the second horse, and of the chaise? 
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10. Two men, driving tibeir sheep to market, A sayfl to B^ 
give me one of your sheep and I shall have as many at you; B 
says to A, give me one of your sheep and I shall have twice as 
many as you. How many had each? 

Let X s=: the number A had, 

And y =ss the number B had. 

If B gives A one, their numbers will be 

« + 1 and y — 1. 
If A gives B one, their numbers will be 

X — 1 and y + 1, &c. 

11. If A gives B $5 of his money, B will have twice as 
much as A has left; but if B gives A $5 of his monev, A 
will have three times as much as B has left. How much has 
each? 

12. A man bought a quantity of rye and wheat for £ 6, the 
rye at 4s. and the wheat at 5s. per bushel. He afterwards sold 
i of his rye and | of his wheat at the same rate for £2 17s. 
How many bushels were there of each? 

IS. A man bought a cask of wbe, and another of gin for 
$210; the wine at $ 1.50 a gallon, and the gin at $0.50 a 
salion. He afterwards sold § of his wine, and J of his gin for 
$ 150, which was $ 15 more than it cost him. How many gal- 
lons were there in each cask? 

14. A countryman, driving a flock of geese and turkeys to 
market, in order to distinguish his own from any he might meet 
with on the road, pulled three feathers out pf the tail of each 
turkey, and one out of the tail of each goose, and found that the 
number of turkeys' feathers exceeded twice those of the geese by 
15. Having bought 10 geese and sold 15 turkeys by die way, 
he was surprised to find that the number of geese exceeded the 
number of turkeys in the proportion of 7 to 3. Requured the 
number at each at firsU . 

Let a: = the number of turkeys, 

and y s= the number of geese. 

1. ..... . 3a: = 2y-|-16 

A , -^ 7 4t— 105 

2. • ' • • • • y+10= 

8. Freeing the9d from fractions, 3 y -f- 30 = 7 a: — 105 

Instead cif the method employed above for eliminating one 
of the unkubc^wn quantities, we may find' the value of one of 
them injdne equation, as if the other were known; and then 
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tki9 vidtte may be substituted ki tbe otfaeF, and an equatbn will 
he obtaui^d, containing only one unknown quantity, which may 
be solved ^ usual way. 

4. Divide the first by 3, 4? = ^^+/^ 

5. BftiMply the 4th by 7, 7* = ^^ V + ^^^ 
Substitute this value of 7 « in the 3d, 

7. Multiply by 3, 9 y + 90 = 14 y + 105 — 316 

a. Transposing & uniting, 300 = 5 y 

y = 60. 
The value of x may be found by substituting 60 for y in the 
4th, 

120 + 15 

9. « ass ! =3s 45. 

3 

Ans, 45 turkeys, and 60 geese. 
Let the learner go back and solve, in this manner, the preced- 
ing examples in this Art. Sometimes one method is preferable 
and sometimes the other. 

15. A person expends $ 1 in apples and pears, buying his 
apples at 3 for a cent, and his pears at 2 cents apiece; after- 
wards he accommodates his neighbor with | of his apples 
and \ of litis pears for 30 cents. How many of each did he 
buy? 

Let X = the number of apples. 

And y = the number of pears. 

Then ^= the price of the apples. 

And 2 y ssx the price of the pears, &c. 

16. A market-woman bought eggs, some at the rate of 2 for a 
cent, and some at the rate of 3 for two cents, to the amount of 
65 cents; she afterwards sold them all for 120 cents and thereby 
gained one half cent on each egg. How many of each kind did 
she buy? 

17. It is required to find two numbers- such, that if | of the 
first be added, to the second, the sura will be 30, and if i of the 
second be added to the first, the mox will be 30« 

5 
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18. It is required to fiad two numbers such, that f of the first 
and ^ of the second added together will make 12, and if the first 
be divided by 2 and the second be multiplied by 3, § of tbeir sum 
will be 26. 

19. Two persons, A and B, talking of their ages, says A to 
B, 8 years ago I was three times as old as you were, and 4 years 
hence I shall be only twice as old as you. Required their pres- 
ent ages. 

20. There is a certam fishing rod, consisting of two parts, the 
upper of which is to the lower as 5 to 7 ; and 9 times the upper 

^•part, together with 13 times the lower part, is equal to 11 times 
the whole rod and 8 feet over. Required the length of the two 
parts. 

21. A vintner has two kinds of wine, one at 5s. a gallon, and 
the other at 12s., of which be wishes to make a mixture of 20 
gallons, that shall be worth 8s. a gallon. How many gallons of 
each sort must he use? 

22. A vintner has 2 casks of wine, from each of which he 
draws '6 gallons; and finds that the number of gallons remaining 
in the less, is to that in the greater as 2 to 5. He then puts 1 
gallon of water into the less, and 5 gallons into the greater, and 
then the quantities are in the proportion of 6 to 13. .What quan- 
tity did each contain at first? 

23. A farmer, after selling 13 sheep and 5 cows, found that 
tlie number of sheep he had remaining, was to that of bis cows 
in the .proportion of 4 to 3. After three years he found that he 

- had 57 more sheep, and 10 more cows than he had at first; and 
that the proportions were then as 3 to 1 . What number of each 
had he at first? 

24. When wheat was 8 shillings a bushel, and rye 5 shillings, 
a man wished to fill his sack with a mixture of wheaj and rye, for 
the money he had in hb purse. If he bought 15 bushels of 
wheat, and laid out the rest of his money in rye, he would want 
3 bushels to fill his sack; but if he bought 15 bushels of rye, and 
then filled his sack with wheat, he would have 15 shillings left. 
How much of each must he purchase in order to lay out his 
money and fill his sack? 

25. A grocer had 2 casks of wine, the smaller at 7s. per gal- 
Ion^ the larger at tOs. The whole was worth $ 112. When 



IXr EquatUmSj CfmetalizoHan. (Hit 

be bad drawn I8.ga)s. from eacb> be mixed the renfiakider to- 
gether and adfled 3| gals, of water, and the mixture was worth 
8s: per gal. How naany gallons of each sort were there at first? 
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[X .' In ibd examples hitherto prq>osed a nmneKcal result has 
always been obtained. The solution with numbers has been per*' 
feiined at the sam^ ^e wkh ibe reasoning; and when the work 
was finished, no traces of the operations remained in the rescdt 
But algebra has a ihpre importa^t purpose. ' Pure algebra never 
gives a numerical result, but is iised to trace general principles 
aod tp Soxmrnles. Ip prder to preserve die .wdrk so that the 
operations inayiappear in the resiilt, it will be necessary ta intro- 
duce a few ^ipre signs t 

vl. It IS' required t9 divide $^500 between two men, so that! 
due. of them: may have three tmies as much as the other. 
Let a^svstibe: less part. - 
The equation will be « -}- 3 ar = 500 

4a?sfi=:500 

. * .3dr««375 

Ana. -One part is $ ]^, and die other f 375. 

This question is to divide 500 into two such parts, that one 

part may be three times as much as the other. It is evident 

thiit the process will be "the same for any qther number, as for 

600. 

Let, the number to be divided be represented by the letter a. 
This win stand for any number. 

Then the question will be, to divide any number, a, into 
two such parts, that one |>art may be three times as much as 
the other. 

The equation will bear4-3i==a' 

■ . 4 « = a 
a 

o 3a 
3a? = — 

4 



Hie work k now me^ervtd m A6 tesufe, bsA h itpji^ars that 
one part will be J of tne number to be (Bvkled; and me^otheT, '| 
of it. T%fs is a rule that w3I appljr to anj^ number. 

Suppose a = 500 as in the example. 

Then ^ = 125; ittd — r» S9^5. 
4 4 

Jbu. One pan is 1 135) «id 4fae dthdr ^W5| the samb as 
above. 

Suppose it is required to di¥ide $ 753S h llie ^miie ptepoi** 
tiops. 

Tlien « = 7532; ^ = 1«8S; and^= 5649. 

4 4 

gftnt. Obeptft is $ 1889, ttii the oAer is ^9649. 

% A man sold some apples, some pears, and sotne orangesi 
for a number a of cents, the apples at two Cents apie<;6, the 
p^DTS at dttsee cents ^yiece, and taib enrnges «t fire ceiits 
apiece. Tlwe weve twice as floeajr jpears as >omaigssy airf 
three times as many apples as pears, nbw mmf wen lliare 
of each? 

Let « = the mudber of oranges. 

Then 2 9 = the Bmaber of pears. 

And 6 X = the nmdber^of aj^les. 
By the conriitioiis^ 12«^ 61:4'^*=^* 

23«3ts:a 

S« =_-==: <« of peard. 

Suppose a =: 184 cents, then |^ of 184 s=s 8 »s tbs numbtf 
of oranges; 2 X 8 = 16 = the number of pears; and 6X8 
ss: 48 = the number of apples. This is easily proved. 8 oran- 
ges, at 5 cents apiece, come to 40 cents; 16 pears, at 3 cents 
apiece, come to 48 cents; and 48 apples, at 2 cents apiece, 
come to 96 cents; 

40 + 48 + 96 == 184. 

The learner may be curious to know, how It iisi possible to 
make the examples in such a manner, tlmt the answer may al- 



ways come out a whole numbor. wten it ii tvbhdd; ibr if j life 
numbers were taken at random, there would frequently be frac- 
tions in the result. The method is to solve it first wim a letter, 
as has beeh done in the two preceding examples. If any num- 
ber, which is divisible by 4, be put in the place of a, in the 
first example, the answer will be in whole numbers. And 
if any number, which is divisible by 23, be put in the place 
of a, in the second example, the answer will be in whole num- 
bers. 

Let the learner now generalize the examples in Art. I., by 
substituting a letter instead of the number; and after the result b 
obtained, put in the numbers again, and see if the answers agree. 
Let him also txy other numbers. 

The examples in Art. IL may. be generalized ift the same 
manner. 

S. A man being asked bis ag#, answered, that if its half and 
Its third were added to it, the sum would be 88. Required bb 

age. . . 

Instead of 88 put a, and let ar = the number required* 

X X 

a? -j- — -f -^ = a 
* 2 * 3 

6 ~* 
llx = 6a 

11 

Any number that is divisible by II, being put m the place of 
a, win give an answer itt whole numbers. Let a = 88, then j^ 
of it is 48, agreeing with the answer in Art. II. - < 

In the course of the solution it appears, that a is equal to V 
of x; and the result shows, that x is equal to /^ of a. That is, 
the value of x is found by multiplying a by the fraction V invert- 
ed. 

4. In an orchard of fruit-trees, ) of them bear apples, ) of 
them cherries, and the remainder, which is a, bear peaches* 
How many trees are tliere in the orchard? 

5* 
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*^ 5 

Any ounaber that is divisibfe bjr 5, may be put io tbo jdacv of 
a. If a ss 15, the answer is 36. 

5. The 8tfa example of Art* II. is solved as follows: 
Instead of 100 put a, and let a; ss the whole number of ^dese. 

Then a: + a? + -i + 2j=s=a 

M dtiplying by 2, 5«-f5ss2a 

By transposition, 5 « = 2 a — 5 

2a — 6 



5 



or 



2a 5 2a 

Let a 8SS 100. 

Then ^,^2X100-5^196^3^. 

5 5 

or ,=»E21J29_i_40 — 1^39. 

5 

Let a tas 135, and find the answer In the same way. 

The answer will be 63. 

Proof. 63 + 63 + 26 J + 2i = 136. 

The learner may now generalize the examples m Art. II. 
The preceding examples* admit of being generalized still 



more, but the {Hrocess vrodd be teo difficult for the learner at 
present. The folldWing question ednuts it Inore easily. 

6. (Art. III. Exam. 1.) Two men^ A and B, hired a pasture 
for $ 55, and A was to pay ^ 13 more than B, How much did 
each pay? 

This question is, to divide fhe iMimber 55 into two such parts, 
that one may exceed the other by 18. 

* Let us represent 55 by a, and 13 by 5. The question now 
IS to divide the number a, into two such parts, that one may ex- 
ceed the other by the number b : a and b being any two num- 
bers, of which a is the larger. 
Let ff sss the less part. 

Then d; -j* ^ = the greater part. 

And . « -{- a? -f- i x=: a 

2x:^b=: a 
By transposition, 3a?«*a-A^ ^^^ 

Dividing by 2, a=: — — — =s 

^ ^ ' 2 2 2 

When a number, consisting of two or more parts, as «i--- 5, il 

to be divided, it is evident that all die terms must be divided, 

as ^-^ — ~^. But the fractions — and — , having a common de^ 
2 2 2 2V ^ 

nominator, one numerator may be subtracted from the odier. 

Hence — b the same as . This is easily seen m 

2 2 2 "^ 

ninnbers. See below, where 55 and 13 are substituted for d 

and i. ^ 

Hence it appears, that the less part is found by subtrcLcting half 
iffti^ excess of the greater above the less from half the mifi^er to 
be divided ; or by taking half the difference b^hsem the nvmbsf 
le be divided^ and Ae excess, . 

The greater part is equal iox -{-b; hence if fr be added to 

4— JL it wai give die greater part : 
3 2 

M tiM ganeiil MlatioM, let him lint mIv^ the qwettone with Um wmibem. 
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2 3'* 
or t '• a & I 36 

^ 3 3^3' 

^ 2^3 2 f 

The greater is found bff adding half the excess to half the num^ 
ber to be divided ; or by taking half the sum of the number to be 
divided and the excess. 

In tke above example, 

A span =_+_, or — - — =84. 

J> s part = — — — , or = 21. 

3 2-3 

Let the learaer generalize this question by making x s=: tbe 
greater part. The same results will be obtained. 

This is a general rule, and will apply to all questions like it, 
and should, be remembered, for it is frequently useful. 

Let the learner find tbe answers to th^ 3d, 3d, and 7th ex- 
amples of Art. IIL by this rule. That is, by putting the num- 
bers of those examples in the^ place of a and 6 b the formulas. 

It is easy to see the propriety of the rule. For the fonnula 

a — 6 65 — 13 43 , . -^ i. a.« i. 4 

— - — or = _^, shows, that if tbe $ 13 that A pays 

3 3 3' 

more than B, be taken out, the remainder is to be paid in equal 

^ I. *u 41 *k r , a + 6 55 + 13 68 
parts by them. Also the formula — - — or 1- =«— , 

, 3 3 3 

shows, that if B were to pay $ 13 more, he would pay as much 
as A, and the rent would be paid in equal parts by them. 

7. A father, who has three sons (Art. III. exam. 4), leaves 
them 16000 crowns. Tbe will specifies, that the eldest shall 
have 3000 crowns more than the second, and that the second 
shall have 1000 crowns more than the third. What is the share 
of each.^ 

Let a represent the whole number of crowns, b what the 

eldest son's share exceeds that of the second, and c what the 

share of the second son exceeds that of die third. 

^ This question may be expressed in general terms, tlius : To 

divide a given number a, into three such parts, that the great* 



est may exceed tbe~teekA lof a given number &> and the mean 
may exceed the leSisl t>y a given numbeir *€ 

Let X ss: the greatest. 

Then x — & :^ the mean.. 

And «— •& — Ga=the least. 

By the conditions, 

x-^ x-^b *^ X — b — e=za 

By transposition^ 9t^dta^Sh^e 

DividmgbyS, ar=|. + _ + ±.. 

Of beeaibnithdiiewciaai iMtve^teominioii (knoftitaMlfif^, 

3 

This is the formula for the greatest part. The mMn is 

bi or b subtracted from — 4- -— - -4- --, thus : 
. SB* 



Of 9 "^" # =» ■y-**y}-a^-ggg j i i r 



* • 



Tl» bat ttat is «; >^ 6 '^ «, w ^s tMiliMeted frMi 
3 3 3* 

or X b CasB — uj +—.»—. — , 

3 3^3 8 ' 

. ^ a *\_^^^^ *.^^* — ^c 

"3 3" T 3 



The greatest part is 



The mean do. 
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S 

a — h -\- e 

8 
a — b — 2 e 



The least do. 
The eldest son's share, hf the first formiila, b 

The other shares may be found hy the other two formulas* 

Let the learner solve tbis queation by making s equal to the 
less part, and also by making it equal to the mean. 

Exam. 5th, Art. III. may be solved by this formula. Let 
the learner generalize the questions in Art. IIL as JpBor as to 
Exam. 16th. 

The examples in Art. L may be geneialized still farther., 

8. A man bought com at 4s. (a) per bushel, rye at 6s. (b) 
per bushel, and wheat at 8s. (e) per bushel : there was an equu 
quantity of each sort. The wh<de came to 90s. (d). How 
many busheb were there of each.^ 

It will readily be perceived that it is impossible .Aotually to , 
perform the operations of addition^ subtraction, &c. on letters ; 
but it is easy to represent these operations. We however fre- 
quently speak of addmg, subtraeti^ag, muhiptyii^, and £viding 
fd^ebraic quantities, by which we mean, representing these oper- 
ations. We have seen that to i^qpr^ 3 times xarS times a we 
write Sxj 3 a, that is, a; or a multiplied by 3. In the same 
manner, if we wish to express a times a?, that is, x multiplied 
by d^ we write a x ; and if we wish farther to express that a x 
(that is, a times x) is to be multiplied by 6, we write ab x. 

• Let a? = the number of bushels of each. 

Then axs=s the price of the com. 
ft a; s=: the price of the rye. 

And c X s=iihe price of the wheat. 

ax -^ b'x -{' e X =^ d, 
' Here x is taken a tames, and b times, and c tunes, that is, 
(a -|- 6 -|- c) dmes. This may be expressed thus, (a + 6 -|- c) x, 

* Let the learner perform thiB example firrt by the numberi. 
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enclosing the three coefficients connected by their signs in a pa- 
renthesis. 

This will be plain if we put it in numbers. 

4a: + 6a: + 8a?isthe same as (4 + 6 + 8^ ar, that is, 18 x. 

(a + i + <^) * = ^ 
If we had IB x = d 

we should divide by 18, x s=3 — 

-^ ' 18 

In the same manner diWde by (a -f- ft -}' ^)) 



Partieular Jins, 5 busheb. 

Tbs general formula is expressed in words as follows : Divide 
the price of the whole by the price of a bushel of each sort 
added tc^ether, and it will give the number of bushels of each 
sort. 

9. A Either dying left $ 25000 (or o) to be divided between 
his wife, son, and daughter ; his son was to have 3 (or ft) times 
as much as the daughter, and the wife 2 (or c) times as much as 
th^on. What was the share of each? 

Le^v :r =: the share of the daughter. 

Then 3 x or ft a; s=s the share of the son. 
And - 6 X or ft c X sfis the share of the wife. 

x + 3x-f-6x = 25000 

x4-ft^ + ft^^ = ^ 

(1 -f- 3 + 6) X = 10 X = 26000 
(l+ft-f-ftc)xsa=a 

25000 

X -m, aa 2500 

10 



1 + ft-fftc 

In this example observe that x is taken 1 time, and ft timesi 
and ft c times. \Vhen a letter is written withocrt a coefficient, it 
ig always understood to have 1 for its coefficient ; thus x is the 
sttne as ( X. 

Having found the share of the daughter, it is easy to find tbo 
shares of the other two. 
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The son's share is 3 x = 7500, or i « = — r— ^ — r— ; — . 

I -\- b -f- b e 

The wife's do. is 6 «=«= I5d00, or & cx= ,^ 



»— > 



1 +b + be 
The learner may now generalize some of the examples in Art. 
I. in this manner. 

10. A gendfiiBan, distributing some mosey aincKig some heg^ 
gars, found, that in order to give them 8 (or a) cents apiece, 
he should want 5 (or b) cents ; he theref<N^e gave ibem 7 (or c) 
cents, and he had 4 (or d) cents l^ft. How many beggars were 
there? 

Let 4? sKs the number of beggars. 

then 8a:— 5 r=:7a? + 4 

or asp — 6 =Jca? + d 

8,x — 7 ar= 5 

ax — c x= b 

(8 — 7)a;= 9 

(a — c)x=: b -^ d 

X— 9 

b + d 

a — c ' Wtt'-' 

Particular Ant. 9 heaS^ . 

h + d 



4=:9 
d 



General ,Au. 



■ ■ ■ '■ '. * 

a — c 



11. There is a cistern which is supplied by two pipes ; the 
first will fill it alone in 7 (or o^ hours, uie seconci will fill it alone 
in 5 (or b) hours. In what ttcoe will it be filled if both run to- 
gether? 

Let a; sss the numbar df hours m which both together will fill 
it. 

The first will fiD ) or — of it in one hour, and the second will 

a 

fin I or 7^ of it b one hour ; both together will fill | -f- ( or 



1" 1 

^ -f- _ of it m one hour. In x hours they will fill x tiows ail 

much, that is, 

X , X 9.9 

_ + _,or- + ^. 



]$^t ^ hoMTS is thQ ffhole tim&^ tl^efefpre, the cistern b^ing 1) 

^ + -- = 1, or -- + -- = 1. 
7 6 a 6 

Clearbg of fractions, 

5x-{'7x=^S5 bx -^ axssmab 

. Uniting coefficients, 12 a? = 35 (6 + a) a; = a ft 

a 6 



a -[> ft 
Particukir An9, 3 li hours* 

Suppose one pipe would fill the cistern in 8 1 hours, and the 
other in 4 1 hours, and find the answer by the general formula. 

Jlns. 3y2v hours. 

12. Suppose it were required to make a rule for Fellowship. 
First take a particulfir case. 

Three men, commencing trade togedier, furnished money in 
the following proportions; A jj^ 8 as often as B $ 5, and as often 
as C $ 3. They gained $ 800. What is each man's share of 
the gain? 

is evident that they must receive in the proporti(Hi of the 
U that they respectively furnished. 
JjQt X = A's share of the gain. 



4^k|Lis 



Then ^ — = B's share. 
6 

Sx 

j^i . — = C's share.*. 

8 



. 5 X . 3:r • ' 

X + -— H = 800 

8*8 

8a:4-ax + 3a:=«'6400 

16a? = 6400 

X =si 400 s= A's shar6« 

1?=!: 250 = B's share. 
^= 150 = C's share. 

« 

*See Alt II. Enmp. 34 uul 95. 
6 
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Now, instead of 8, 5, and 3, suppose they furnished in the 
proportion of m, n, and p\ and let tne yhole gain be a. 

Let X = A's share of the gain. 

Then — = B's share, 
m 

And ^ ss C's share, 
m 

Then we have 

, nx . px 

mm 
miP-f-tiaf-j-paf = mn 

(m + »+p) a? = ma 

m a 



m-f- n + p 



ss= A's share* 



B*s share is — , or the — part of — z ; — = A's share. 

m m m -f- n -f- p 

Since a fraction is divided by dividing its numerat(Mr, the 

— part of — ; ; — , will be found by dividing the numesfftr 

m m -f- tt -|" J* 

m a by m. a multiplied by m Is m a, therefore, m a divided by 

m is a. Hence the — part of ; — is — ; ■ — , and 

m m-f-ti-f-p m-f-fi-f-p 

the — part is n times as much, that is — : ; — , which is B*s 

m tii-[.ii^p' 

share. 

C's share is — , <» the ^ part of : ; — « which b 

m m m-f-n +p z 

m -ftt +p* 
A'sshareis — . "*/*, ; B'sdo ,**^, ; andC'tdo. 

m + n+p* 
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Hence to find the share of either, multiply the tthole sum to 
be dividedy by the proportion qf^ the stock tohich he furnished^ 
and divide the product by the sum of their proportions. 

The propriety of this rule is easily seen. For, putting in the 

8 
numbers mstead of the letters, A's share is — ; ; — or A of 

8 + 5 + 3 

5 

A 800, B's shar^ is — ; or A of it, and C's share is 

^ ' 8+5+3 ' 

3 

— —^ — j — or ,'y of it. That is, the sum of all their porpoptions 

8 + 6 + 3 

18 16, and of these A furnished 8; B, 5; and C, 3. 

13. Let it be required to find what sum, put at interest at a 
given rate, will amount to a given sum in a given time; that is, 
to find a rule, by wliich the principal may be found, when the 
rate, time, and amount are given. 

First take a particular case. 

A man lent some money for 3 years, interest at 6 per cent, 
and received for interest and principal $472. What was the 
sun lent.^ 

Let • ar = the sum lent. 

Then = the interest for 1 year. 

100 ^ 

IBx 

And = do. for 3 years. 

100 ^ 

And X H = the amount for 3 years* 

^ 100 ^ 

\Sx 

Hence we have x A =. 472 

^ 100 

100 ar+ 18 ar = 47200 
118 a: = 47200 

xsss ^ 400 = The sum lent* 

It is a custom established among mathematicians to use the 
first letters of the alphabet for known quantities, and some of the 
last letters for unknown quantities. It is, however, fi'equently 
convenient to choose letters, that are the initials of the words 
for which they stand, whether the quantities be known or uqh 
known. 
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To generalize the above example, 

Let - p = the principal, or sum lent. 

r = the rate per annum, which in the above case 
is jIq or .06. 

and t = the time for which it was lent, 

and a = the amount. 

Then rp = the interest for one year, 
and frp= do- for ^ years, 
andp-^trp = the amount. 
Hence we have p -{-t r ps=:a 

(1 -|- f r) p = a 

a 

^"^ l+tr 
That is, multiply the rate by the time, add 1 to the product^ 
and divide the amount by this, and it toill give the principal. 

In the above example, the rate is .06, which, multiplied by 3 
^the time), gives .18, and one added to this makes 1.18; 472 
aivided by 1.18 gives 400, as before. 

Apply this rule to the following example. 

A man owes $ 275, due two years and three mondis hence, 
without interest. What ought he to pay now, supposing money 
to be worth 4 1 per cent, per annum? 

N. B. 2 years and 3 months is 2 1 years* 

Jlns. $249AW&- 
See Anthmetic, page 84. 
The learner may now make rules for the following purposes: 

14. The interest, time, and rate being given, tb find the ^iti- 
cipal. 

15. The amount, time, and priocipal being given, to find tlie 
rate. 

16. The amount, principal, and rate given, to find the time. 

17. A nian i^eed to Cfigtxy 20 (or a) earthen vessels to a 
cutain place, on this condition; that for every one delivered safe 
he should receive 8 (or b) cents, and for every one be broke, he 
should forfeit 12 (or c) cents; he received 100 (or d) eeats 
How many did he break? 
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Let ^ 3BB tbe dumber unbroken. 

Then 20 — a? or a — a: = the number broken. - - 

For every one unbroken be wad to receive 8 or b centS| these 

will amount to 8 op or i a;; and for every one broken he was to 

pay back 12 or c cents, these will amount to 240 — 12 a: cents, 

or a c — c :p; this must be subtracted from the former. 

240 — 12 a?, subtracted from 8 a:, is 

Sx — 240 + 12 a?, or 20ar — 240. 
Also c a — ex subtracted fix)m bxjis bx — ca -{' ex; for the 
quantity ca — ex is not so large as ca^ by the quantity ewj 
uerefore when we subtract ca from 6x, we subtract too^much 
by exj and in order to obtam a correct result, it is necessary to 
add c X. 

The equation is 
20* — 240= 100 or 6«-f ca: — ae^^d 

20a: = 340 " Aar + carssid-f-ac 

(i+'O a:c=d + oc 

ar = 17 " a? = 



i+ e 
Particular JlfUf. 17 unbroken, and 3 broken. 

Genercd Jlns. Unbroken -^ • 

6 + c 

Putting numbers into the general answer, 

100+12X20_ 

. ^ ' ' If. 
8 + 12 

The propriedr of this answer may be shown as follows: If 
he bad broken the whole 20 (or a) he must have paid 12 X 20 
ss 240 (or a.c^ cents; but instead of paying this, he received 
100 (or d) cents. Now the difference to him between paying 
240 and receiving 100 is evidently 340, {or d -{- a e) cents. 
The difference for each vessel between faying 12 and rtetwv^ 
8 is 20 (or 6 + e) cents; 340 divided by 20 gives 17, the an- 
swer. 

The above is a good illustration of positwt and ntgatioe quan* 
titles, or quantities affected with the signs -{• and — . The 
sign -j- is placed before the quantities, which he is to receive, 
and the sign — before his losses. We observed that the dif- 
fi^rence between receiving 100 and losing 240 is 340, that it, 
the difference between -}- 100 and — 240 is 340, or their sum. 
Also the difference between + ^ &Qd — a c is d 4~ ^ c So tlM 

6* 



difierence between -4- ^ ^<1 -^ ^^ ^ 30^ or betniBeii -f* ^ ^d 

— c is ft 4" *• 

Hence it fellows, that t0 HitkHtd a quatotiy tMeh hoi tht $ign 

^— , Hfe muti gwt U the oppoHte rign, that ii, U mutt he added. 

X. The learner, by this time, must have some idea of the use 
of letters, or general symbols, in algebraic reasoning. It has 
been alr^y obsenred that, strictly speaking, we cannot actually 
perform *the four fundamental operations on these quantities, as 
we do in arithmetic; yet in expressing these operations^ it is fre- 
^piendy necessary to perform operadons so analogous to them, 
dsit they may widi propriety be called by die same names. Most 
of these have already been explained; but in order to impress 
them more firmly on the mind of the learner, they will be briefly 
recapitulated, and some others explained which could not be 
introduced before. 

•Nhte. Algebraic qualities, which consist of only one term, 
are called simple quantitieSy as 4~ ^ ^9 — 3 a A, &c. ; quandttes 
which consist of two terms are called binomiab^ ^s a-^bj a — &, 
3 6 -f- ^ ^) &o. ; those which ccmsist of three terms are called 
trinomiab; and in general those which consist of many terms are 
called polynotniab. 

Simple QManHties. 

The addition of simple quandtles is perfohtned by writing tbem 
after each other with the sign 4~ between them* To express 
that a is added to 6, we write a -f* 6. To express that d, 6, e, 
d, and c are added together, we write fl + ^ + ^^ + ^' + c* Itb 
evidently unimportant which term is written first, for 3 -f- 6 -f- 8 
is the same «s6 + 3 + 8, oras8 + 6-f3. So« + 64-« 
has the same value as 6 + a + e. 

It has been remarked (Art. I.) that a: + ^ + ^ ™V ^ ^^^'^ 
ten 3 0?. This is m^ibixpUcaXio'ai and it arises, as was observed 
in Arithmetic, Art. III., from tlie successive addition of the same 
quanti^. 3x, it appears, signifies 3 times the quaotity a?, that is, 
X muluplied by 3. So6-}-6 + *"f"t + * ™*y be written 6 6. 
In the same manner, if ar is to be repeated, any number of times, 
for instance as many times as there are units in a, we write a z^ 
vrtttch signifies a times «, or a? multipUed by a. 



N. B. The learoer dhddkl constantly bear lb tnkid Mt di6 
letters, a, ft, c, &c. may be used to represent any known nuni^ 
ber; or they may be used indefinitely, and any number me^ 
lifterwards be substituted in their place. 

Again, ah -{- ah '\' ab may be written 3 a 6, that is, 3 tithdi 
the product a 6; also t times the piquet a b may be written tah. 

It may be remarked that a times h is the same as h times A\ 
for a times 1 is a, and a times 6 must be 6 times ad much, tkfct 
is, fr times A. Hence the product of a and b may be written 
^ther a ft or 6 a. In the same manner it may be shown that thd 
})roduct e a ft is the same as a ft c. Suppose a csr 3^ ft =s 5$ 
And c =t= 2, then aftc=«3X5X2, andcaft = 2 X3X5i 
In fact it has been shown, in Arith. Art* iV., that when a product 
19 to consist of several i&ctors, it is not important in whs^ order 
those factors are multifdied together. The product of a, ft, e^ 
if, «j and /, is written a bt d e f* They may be written in any 
other order, as a c d b e f^ or / ft e df c a, but it is generally 
more fconvenient to write them in the order they stand in the 
alphabet. 

Let it be required to multiply 6 d ft by 2ed. The product 
h 6 abed; for d times 3aft is Sabd^ but c d times 3 a ft is 
c times as much, or Sabcd^ and 2cd times 3 aft must be 
twice as much as the latter, that is, 6 abed, 

Hencej the prodttct of any ti»o or mort simple quantUies muil 
eofisii/i of all the leUers of each quariiity^ and the product of the 
coefficients of the quantities. 

N. B. Though the product of literal quantities is expressed 
by writing them together without the sign of multiplication, the 
same cannot be done with figures, because their value depends 
upon the place in which they stand. 3 a ft multiplied by 2 e df, 
for instance, cannot be written 22nbcd. If it is required to 
express the multiplication of the figures as well' as of the letterSi 
they must be written 3aft2c!c, or3X2aftcdf, or3.3afteit. 
Th4t is, the figures must either be separated by the letters or by 
the sign of multiplicatipn. 

Examples of Multiplication. 

1. Multiply 3ftft by 4edf. Am. 12 ah e if. 

% 5b cd by a ft c. Ans. dabbeed. 

3. ^egh by 8. 

4. 13 a c by laactjl. 
6. 35a ft c by 13aftft2i 



6. Midtiptf 138 by 5acd. 

7. 25 X hj 11 abx. 

8. 42ayy by 12«a;y. 

It frequently happens, as in some of the above examples, that 
a quantity is multiplied several times by itself, or enters several 
times as a factor into a product; as Snaabb^ into which a 
miters three times and b twice as a factor. In cases like this the 
expression may be very much abridged by writing it thus, 3aF 
V. That is, by placing a figure a litde above the letter, and a 
little* to the right of it, to show how many times that letter is 
a factor in the product. The figure 3 over the a shows, that a 
enters three times as a factor; and the 2 over the 6, that b enters 
twice as a factor, and the expression is to be understood the 
same bs Saaabb. The figure written over the letter in this 
manner is called the index or exponent of that letter. The 
exponent affects no letter except the one over which it is 
written. 

Care must be taken not to confound exponents with coeffi- 
cients. The quantities 3 a and a^ hai^e very different values. 
Suppose a = 4^, then 3 a ss 12; whereas a'«ss4X4X4=s 
64. In the product 3a^ t^ suppose a == 4 and 6 = 5, then 
3 a^^ = 3X4X4X4X6X6 = 4800. 
The expression a^ is called the 9ec<md potter^ of a, a? is called 
ibe third pawery a^ the fowth pofur^ &c. To preserve a uni- 
formity, a, without an exponent, is considered the same as aS 
which is called the first power of a.* 

Figures as well as letters may have exponents. 
The first power of 3 is written 

3* = 3 
tbe second power 3^ = 3 X 3 = 9 

the third power 3* = 3X3X3 = 27 

the fourth power 3* = 3X3X3X3 = 81 

the fifth power 3* = 3X3X3X3X3 = 243. 

The multiplication of quantities in which some of the fiictors 
are above the 'first power, is performed in the same manner as 
in other cases, by writing the letters of both quantities together, 

V- 

*I]i most treatifes on algebra a^ is called the sgrtare of a, and a' the eiifte of 
«. The iemM gqmre and cube were borrowed from geometry, but as they are 
not only inappropriate, but convey ideas very foreign to tlie present subject, U 
bu been thought best to discard them entirely. 



% 
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tikii^ Wirfe %o gire thtem their proper exponents. 24tm^X 3 c* 
<P is the same as Samtn X Sccrfrf, which gives 

6 « m tn ec rf d == 6 tt m* c* (f*. 
a* thuitipiied by i? gives a' a^; but a" ss a a a and a' = ct a, 
hence {fi oF s= a a a a a = a^. In all cases the product con* 
sists of all the factors of the multipiicand and multiplier. In the 
last example a is three times a factor in the one qiiantity, and 
twice in the other; hence it will be five times a factor in the 
product. The exponents show how many times a letter is a 
factor in any quantity; hence if any letter is contained a« a factor 
one or more times in both muUiplier and multiplicand^ the expo^ 
nents being added together wiU give the exponent of that letter in 
the product, 

a X a = a> X a* = a*+* = a\ a^ X a^ = o*+* =o\ 

08 X o* = a^* = a\ &c. 

9. Multiply a^ V by a b\ Ans. aP h^ 

10. ab^ e by a^ b cK 

Ih ^a?tdP by « 6« c^. 

12. a^i^^ by 

13. 7 a^xPy by 
14'. 17 i« (P e by . 

15. 23o2«« by 

16. iQanyy by 

It has already been remarked dial the addition of two or more 
quantities is performed by writing the quantities after each other 
with this sign + between them. The sum of 3 a 5, 2acdf 
6 a2 6, 4 a i, and 3 o2 i, is 3 a 6 + 2 a c d + 5 a« 6 + 4 « 6 + 
3 (fi b. but a redaction may be made in this expression, for 
3 a 6 -f- 4 a ( is the same as t a 6; and 5a*b -{- S tflb in the 
same as 8 a' 6; hence the expression becomes 

7ab + 2ac£l + 8a* 6. 

ReducUoDs of this kind may always be made when two or 
more of the terms are similar. When two or more terms are 
composed of the same letters, the letters being severally of the 
same powers, they are said to be similar. The numerical co- 
efficients are not r^arded. The quantities 4ab and 3 a 6 are 
similar, and so are 5 a* i and 3 a* b; but 4ab and 5 a* 6 are not 
similar quantities, and cannot be united. 

The subtraction of algebraic quantities is performed by 
^ting those, which are to be subtracted, after those from 
which they are to be taken, with the sign — between them. 



a'^b^c. 


& a^b c sfl^. 


4 bb c d e e. 


2 aab » X. 


^aPyyx. 
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If 6 is to be subtracted from a it is written « -— i. 5 a l^ to be 

subtracted from 8 a ^, Is written S ab^ — 5 a 6^. This hst 
expression may be reduced to 3 a 6*. In all cases when the 
Quantities are similar j the subtraction may be performed imme- 
diately upon the coefficients. 



Compound QtumHHes. 

XL The addition and subtraction of simple quantities, produce 
quantities consisting of two or more terms which are called com^ 
pound quantities. 2a -}- cd — 3iisa compotmd quantity* 

Addition of Compound Q,WMUities, 

The addition of two or more compound quantities, when aB 
the terms are affected with the sign 4~ ^^^ evrdendy be the 
same, as if it were required to add together all the simple quanti- 
ties of which they are composed; that is, they must be written 
one after the other with the sign -f~ before all the terms except 
the first. The sum of the quantities 3a-{- 2 c and b -]-2d h 
3a + 2c + b + 2d, 

If the quantities '3 a 6 -f- 6 d and b — c be added, in whicb 
some of the terms have the sign — , the sum wiU be 3 a 6 -f" ^ ^ 
+ 6 — c; for 6 — c is less than 6, therefore, if i be added the 
sum will be too large by the quantity c. Hence c must be sub- 
tracted from the result. 

This may be illustrated by figures. Add together 17 4~ 10 
and 20 — 6. Now 20 — 6 is 14 
and 17 + 10 + 20 — 6 is equal to 17 + 10 + 14. 

From the above observations we derive the following rule for 
the addition of compound quantities. 

Write the quantities after each other tnthout changing their 
signsy observing that terms which have no sign before thim are 
understood to have the sign -{-. 

A sign affects no term except the one immediately before 
which it is placed; hence it is unimportant in what order the 
terms are written, for 14 — 5 + 2 has the same value as 14 -j- 
2 — 6 or as — 5 + 2 + 14. Those which have the sign -[- 
are to be added together, and those which have the sign — are 
to be subtracted S-om their sum. If the first term has the sigti 



XL AddUion of Cimfound Q,uanHHe$. 7t 

-f~, the sign may be omitted before this term, but the s%n -^ 
must always be expressed. Great care is requisite in the use of 
tbe signS) for an error in the sign makes an error in the result of 
twice the quantity before which it is written. 

Add together 3a + 2bc^ — 3c* 

and 5a~Sbc^ + 2c* 

and 7ab + 4bt^—Sc* 

and — a -f 3 c* — 2bcK 

The sum is 

3a4-2frc2— 3c* + 6o — 36c2 + 2c* + 7a6 

+ 4 6 c* — 8 c* — a + 3 c* — 2 6 c« . 

But this expression may be reduced. 

3a + 5a — 03=s8a — a = 7a, 

and 

2 6c« — S6c« + 4 6c2_2jc2=65c*— 56c«=6c*, 

and 

— 3c* + 2c* — 8c* + 3c* = — llc*4-6c*= — 6c*5 

hence the above quantity becomes 

7a + bd^ + 7ab — 6cK 

To reduce an algebraic expression to the least number of 
termS) collect together all the Hmilar terms affected toUh the sign 
-|~ and also those affected toith the sign — , and add the coeffi^ 
cients of each separately; take the difference of the two ^sums 
€md jmt it into the general result y giving it the sign of the larger 
quantity. 



Examples in Addition. 

1, Add together the following quantities. 

dab — 2 a* m 
and Sab — 6am-}-2am. 

2. Add together the foBowing quantities. 

13an« — ern + a?, ' \ 
ud . Ti«i — 3«*— 8y, V^ 

md 4an^'\' &a3fl'^4f. 
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3. Add -together the foSowing qaanthies. 

7 TO a 6 -^ 16 — 43 m y, 
and 19 a ch — 13 ami + 37 way + 48, 

and 14 my — 19may + **^ — »*5 

and 4nx — 36n-f-23amy-r-n5. 

4. Add together the following quantities. 

xy — ax — ay-^-axyj 

and -r^^y — 2ay + 3aa?4' 1^? 

and 18 arx — 73 + 13 a a?y -— am, 

and — 15axy — 13am + 43 + 18arx, 

and arx — 18 -}- ^y — 2axy -f- 3am. 

5. Add togeth^ the following quantities. 

12ax — ^bx — 7, 
and " 15bx — 17 6jpy+16, 
and 47 a c d — x, 

an4 37 — la: — 2a-f436yar, 

and acd-^-byx — 13 a. 

Subtraction of Compound Q,uantUies. 

^ XII. The subtraction of simple quantities, as has already 
been obsijrved, is performed by giving the sign — to the quanti- 
^ to be subtracted, and writing it before or after the quantity, 
from which it is to be taken. If it is required to subtract c + rf 
from a + i it is plain that the result will be a + ^ — ^ — dj 
for the compound quantity c -^ df is made up of the simple quan- 
tities c and dj which being subtracted separately would give the 
above result. 

From 22 subtract 13 — . 7. 

13 — 7 = 6. 

and 22 — 6 = 16. 

The result then must be 16. But to peiform the operation 
on the numbers as ther standi first subtract 13, whion gbtes 
22 — 13 s=s 9. This is too soial) by 7 beqause die number 13 
18 larger by 7 than the number to be subtracted, therefore in 
order to obtain a correct result the 7 most 'be added; thus Si — 
IS -f 7 ss 16, as required. 
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s 

Prom a subtract 6 — e^ - 

First subtract 6, which giveaa — i» 

This quantity is too smdl by ^ because 6 is larger than h — e 
by the quantity c. Hence to obtain a correct result c must be 
added, thus a — h-\-e. . 

This reasoning will apply to all cases, for the terms affected 
with the sign -^ in the quantity to be subtracted diminish that 
quantity ; hence if all the terras affected with -f- b^ subtract- 
ed, the result will be too small by the quantities affected with 
— ^ these quantities must therefore be added. The reductions 
may be made in the result, in the same manner as in addition* 
Hence the general 

Rui^E. Uhange aU the signs in the mmber to he subtradedf the 
ti^na '{•' tO'^, and ^ signs — to -^^ and then proceed (U in cdr 
dUion* 

Examples in Subtraction. . • 

I. From a*a? + 3iy — 5ac^ — 16 
Subtract 3a*a? + 6y— 2ac' — 22 

» 
Op^aiion. 

a* J? -|- 3 J y — * 6 « c' — 16 
— Sa*x — iy-|-2ac' + 22 



w.2a*a?4.2 6y— 3ac' + 6 

3. From Sia;^— 7 aa?' + 13 

Subtract ISftu— '3a«^ — 8. , .. 

\ Jins.'2b,x' — l3bc—Aa^ + 2l 

S. From 17c?y 4- la^y^^a — 3.. 

Subtract 2^y—b — lla+6. 

4. From ^aa?y — 4ax 
Subii:;^ . lTa«— .Baf jl— 5 

Sabcnet «8 4;t4it -r- l&o^ 

7 • 



f » » 



f » f 



'1. 



7i: JtlgAm. Xni. 

6. From a'{-2abc — 1 
Subtract l+Qabe — a. 

m 

7. From 3abz + 2ab — 7z 
Subtract 2ab — 7z — 2abz. 

MuliipUcatum cf Congmmd (^nhtiw, 

' Xtll. Multiplication of compound quantities is sometimes 
expressed without being performed. To express that a -}-h iy 

to be multiplied by c — d, it maybe written a -]-Zx T—H 
with a vinculum over each quantity, and the sign of multiplica- 
tion between them ; or they may be each enclosed in a paren- 
thesis and written together, with or without the agh of muhi- 
plication ; thus (a + i) X (c — rf) or (a -|- 6) U — d). In the 
expression a -f- & (c — d)^ b only is to be multiplied by e — d. 

Jdultiply a -J- 6 by c. 

It is evident that the whole product must consist of the pro- 
duct of each of the parts by c. 

a-\^b 20-f-4 =24 

e 3 3 



rtc-l-ftc 60+12 = 72 

Examples. 

1 . Multiply 3ab + 2 c d by ef. 

Ans. 2abef + 2cdef. 

2. Multiply bac + b c + 2 c d hj 2 e. 

Ans. 10ace+2bce'^6cde* 
p. Multiply 6(fb+Vi?hjSaV. 

4. Multiply Jc'i*+62a«6«-|-13JVi 

by' ' '" 1 cfV c 
h. Multiply 2d bd -fS db iii?'\^aba?* 

by 3afta^. 

6. Multiply d(jf^2ai>3f byl3afc^af " 

When some of the terms of the multiplicand have-Uie sign 
— they must retain the same i^gn in tUe fioduct**^/. l:C^ -: 



JDK MuUf^tieaUon of€km^fomd QuanHiies. IV 

7. 8. Mdtip^f w,6 by c^ alafr »3,^§ bjr 4- . ' 



a — b 32^6 = 18 

c 4 4 



ac — be. 92-— 20 = 72. 

Since the quantity a — <- i is smaller than a by the quantity 
b, the product a c will be too large by the quantity b c. This 
quantity must tlierefore be subtracted from ac. 

I . 9u Multiply 3 a 6* — c • by 2 dL 
10. « 2arf + 6d — ac by 6ai. 

II. « . 3 6crf— '«/-- 2Ac by 6ac. 

12. ." . .'5a'6e-^6a'+6* by 4a'6\ 

13. « l7occ/— 1 +5a*jp— a6^a? , 

by a^td. 

When both multiplicand and multiplier consist of several 
terms, each term, of the multiplicimd must be multiplied by 
each term of the multiplier. 

14. Multiply 12 + 5 by 7 + 4. 

1^ + 5 = 17 
7+4 = 11 



84+35 

^48 + 20 / ^ 

84 + 36 + 48 + 20 = 187 
15. Multiply a + b ' by c + rf. ' 

' :« + i 

c + rf 

— I..I.I.. ■■■ ■,ll.. M l , I .III I > 

ac + 6c + arf + 6d. 

It is evident that if a + i be taken c times and thea d timeSf 
and the products added together, the result will bee + J timea 



16. Multiply aX'-^Zaff + 9y by ^m^^ae^ 

3c^xy — 9a*f + 2axf 



a* a?" — 9a*y' + 3aa?^+ aa^y. 

In adding these two products, the quantity 3 c^xy ocean 
twice, with different signs ; they Uierefbre destroy each other 
and do not appear in the result. 

17. Multiply 5ad + Sacd — Sti'c 

by 2(fe+&ad. 

18. Multii^ 13a*ry— da^^-fSey* 

by 6c/ + 7o6/ + 3* 

19. Multiply Jl«c« + 3a»e — 4a* 

by 2a'c-f-ii<^ 

20. Multiply a*— 2 ac + c* by a + C 

21. « 3d*— 36* by 2(f + UV 

22. « 36 + 2c by 2a — 36. 

36+2e 
2a— 36 



6a6 -f-4ac 
_96« — 66c 



6«6 + 4ac — 9 6* — 6 6c. 

If 3 6 -{- 2 c be multiplied by 2 a only, the product will be 
too laige by 3 6 times 36 + 2c; hence this quantity must 
be multiplied by. 3 6^ and the product subtracted from 6 a 6 + 
4ac. 

♦ 

This result may be proved by multiplying the multiplier 
bythe inuftiplieand, f&t the jHroduct must be the same fai Doth 

cases* 

S3. Multiply 2acI + 36c + 2 by 4a6 — 2c 



km. Muhipltcatim ^'f^mpound QumtiHes. , f ? 

^"»4.- Multiply •tTfl'J'+S^J* V \S«*J-^^^ ^ 

25. " 19 — 5 by 9 — 4. , 

. 19 — 5 =14 . _L : 

9—4 =s 5 



171 — 45 70. 

-76 + 20 



■*Ma< 



171— 45^76 4*20=191 — «!==: 70. 
26. Multiply a — 5 by e — d. 



a — h 



e—d 


• 



ac^ — be — ad -{-bd. 

This operation is sufficiently manifest in the figures. In the 
letters, I first multiply a — 6 by c, which igives ac^^bc; but 
the multiplier is not so large as c by the quantity d^ therefore 
the product ac — 6 c is too large by d times a — b; this then 
must be multiplied by d and the product subtracted, a — & 
multiplied by d gives ad — -bdy and this^ subtn^ted from 
a c — be gives ac — be — a i+ b d. Hence it appears that . 
if two temis liaving the sign — ^ be multiplied together, the pro- 
duct must have the sign +/ • 

From the preceding examples vi4 pbsQjrvations, we de- 
rive thb following general rule formultlplying compound quan- 
tities. 

« 

1, Jlluhiply all the terms of the muUiplicfvid (^ each term of the 
jttifldplierj observing th^ same rules for the coeffwiejiis and letters as, 
in simple quantities, 

2. With respect to the signs observe, 

1st, Thai if both the terms which are multiplied iogdhery have 
tie sign -{-9 ^ sign cf the product must be •{-• 

2d, If one term be affected with -|-, ffnrf the other wiih -^, the 
product must have tlie sign — . 



•r « 



Sd, ll^hikihimm»^U ^ffkM vhA Ae mgii -^9 Urn jmimi mmt 
have thesign -{-• 

Or in more general terms, If hoik terms hate the $ame sign, 
whether -f- or — , the product must have the sign -|->| and jf meg 
have different signs^ the produet must have the sign — . 

27. Multiply 3a*fr— 2ac + 5 
by lab — 2ac — 1. 



2l(fV^HaHc +S(iab 
— 3a'& + 2ac — 5. 



Product 

2la"6*— 14a«Jc + 35a6— 6a'ftc+4a*c"— 8oc— 3a»i— 6. 



28. Multiply 


7M + 5n bjr 


4m — 3n. 


29. " 


o' + ay — y* by 


a — y. 


80. « 


«'4'nar + a^ -by 


tt X. 


31. «• 


o« + aft + 4» by 


tf-.ai+i^. 


33. •• 


2**— 8«y-f.4y* 






by 6» — 6«y— 


2/, 


33. « 


3a»c— 5a<f + 2«» 






by 2a*c--4a»c» 


— 7ac*. 


34. « 


2o' — a'* + 2 bjr 3o— 


••t— 3« 


35. " 


7a»i + 2ft»— 1 by 3o». 


-26*— 1. 



It is generally much easier to trace the effect produced by 
each of several quantities in fonnin^ the result, when the ope« 
rations are performed upon letters, man when performed upon 
figures. The following are remarkable instances of this. They 
ought to be remembered by the learner, as frcqvent use u 
tome of them in all analytical operations. 

Let a and b represent any two numbers; a -f* & willb« theif 
sum and a —^6 their difference* 



a—h 






That w, tfiht nan a?Ml the d^ffirenee tftwo maimers he mutt^pUr^ 
efthete two 



ed together f the product iffSl he the difference of the eecond porwere 
wimhen. 






Let 


c.=sl3«Bd& = 7. 




a-t*>4— 19, aoda— i = 5, 




a» s= 144, J» = 49. 




(a + 6) X (a — i) = 19 X 6 = 96, 


and 


o*—5*= 144—49 = 96. 


MultTly 


« + i by « 4- 1. 




a-{-& 








V + aft 




aft + y 


.. 


«»if8flJ4.»». 



That is, the product ofthe mm of two numbered by itself or the 
second power of the sum of two numbers^ is equal to the sum ofiJic 
second powers of the two numbers^ added to twice the product y the 
two numbers* 



Multiply tff-^6 1^ 41^4. 

The answer is (iP-^2ai -4* 4", which is the same as the last, 
except the sin before ^ah. 

Multiply ef^ 2a64-^ by a-f> 6, that is, find the third 
power of a •(» 6. 



This is e^eptewei in worc|ffthus ; the third: f^wfr flf >^iJ^^^, 
pbfS three ttmes the second power of the Jksfiii^o the second, plus 
three times thefrst into the secondpower of the second^ pius the third 
power of Ute second. 

Maltiplya* — 2a6-4-6? by a — ft*. -i 

A»s^tif^.^(fl + ZaV—V. 

Which is the same as the last^ except ifae signs before the se- 
cond and last terms. 

. Instances of the use, of the above formulas will frequently 
occqr m this treatise. 

Division of Algebraic Quantities. 

XIV. The division of algebraic quantities will be eunly per 
formed, if we bear in mind thai I lA. is the inverse of multipbda- 
tion, and that tl^ iiiYis.Qr i^nd .qwtieut multiplied together must 
reproduce the dividend. . ,\ . 

The quotient of a 6 dividedby a is.&, for a and h multiplied 
together produce- a ft. 66'orAdivi<led by Ogives a for a quo- 
tieiit, for the same reason^ ' ; ! . 

If 6 a 6 c be divided by 2 a, the q(UQtient is 3 i c . . 

If by 2 &, the quotietit is«3 a c. 

If by 2 C9 the quotient is 3 a &• 

If by 2 6, the quotient is 2 a c. 

If by 3 a 6, the quotient is 2 c. 

If . ^ by 6 a the quotient is b e. 

For in all these instances the. quoti^ multiplied by the di- 
viscr, produces the dividend 6 ate. 

« ' 

Examples. 

1* How many times is 2 a contained in 6 abe9 

Ana. She times, becliuse 3ie times 2ais 6a&t. 

2 [f 6 a i c be divided into 2 a pftrts, What is one of the 
parts ? 

Ans. 3 & c ; because 2 a times SicisGaic. 



Xfff* JKmtm of AlgA^mir l^w^iki. 8f 

H^ae^ W6 ckrivja tbo foUowiiltf 

'Rci^. IMde: tba o^^fficki^ i^Hm iMde^fi hp thpwegment pf 
thfrdufmr^ mi strike ^u4 (he M^ ^ lie dimor fo(m tie divi* 

16 a & e» 
12 tfpS^d 

IS abed 

ftSahc 

Had 

Observe that 4 a* is the sJame as 4 a a a snAor is the 
as a a ; 4 a a a divided by a a gives 4 a for the qootieat. 

, It was obflfirved in mviltiplicdtiony that when the saioe letter 
es^rs iato both multiplitr sad multiplicaad, the multiplication 
is perfoivoed bv adding the exponents) thus cf multiplied by a* 
is a*^ -=• a*, m similar cases, division is performed by subtract- 
ing the eooponent of the diviMrfrom that oflbe dividend, a* divid- 
ed by a* is a'^* = a*. 



3. 


Divide 


4. 


« 


5. 


u 


«. 


m 


t." 


« 


8. 


u 


d. 


(t- 



by 


4. 


by 


»m.. 


by 


lObe. 


by 


Gad. 


by 


ah. 


by 


adi 


by 


V. 



10. Diiidd 


eo'i'c by 


ZaV. 


11. « 


86 yd* by 




12. « 


16V ef ly 


• • 


18. «• 


18«»y» V' 


6y». 


14. *« 


4R(^)f» hif 


Ii5;<i*a?«. 


16. « 


7B<i-r*inf by 


I2ar». 


16. " 


60.jp^y» by 


'60. 


17. « 


73ojp» by 


aj^. 


18. ** l2Qaf*f by 

nnitA fliwi^itti d^ iMMMA «4ivnnnitiiMl< iHMiMi'iiiiinn Wl i 


rf. 


of simple cpiantities/ 

If a ^. i ^ e be multiplied by <I the product is 
i(fl-j. J-j-c) or aJ-f *^ + c^- 

Therefore \iad'\-hd + cdht divided by d^ the quotient is 
^ 4- 6 + c. . 




JSg^bra. XV. 

If a il + irf + crfbe divided by a + ft -f- ^> the quotient is rf. 

When a compound quantity is to be divided, let the quan- 
tity, if possible, be so arranged that the divisor may appear as 
one of the factors, and then that factor being struck out, the 
other fa^ctor wilt be the quotients , ■ 

19. Divide 12a*ft— 9ac bySo. 

12a*6 — 9ac=:34(4«6 — 3c) 

Ans. 4a&— -$T. 

Observe that a is a factor of both terms, and also 3. Hence 
the quantity \2(fb — 9 a c, can be resolved into factorii ; thus 
3 (4 a* 6 — 3 a c), or a (12 a 6 — 9 c), "or 3 a (4 a 6 — 3 c). In 
the last form the divisor 3 a appears as one factor, and the other 
factor 4 a& — 3c is the quotieiU. 

Note. Any simple quantity, which is a factor of all the tdrms 
of any compound quantity, is a factor of the whole quuitity ; 
and that factor being taken out of all the terms, the terms as 
they then stand, taken together, will form the other factor. 

20 Divide 8 a*i'-^ 16a'i'c by 2aJ — 4a'c. 
8a«6»— 16tf"J*c = 4a6*(2ai— 4a*c.) 

Au»'4ab* 

4 

21. Divide 3abc—'lbai'd+9€^bJP by Sab. 

f « 

2^. Divide 16a"6ci-30a"c» + Si6a"crf '' ^ 

23. Divide 36o''J*/;^28^H&V:+40a"6V 

by 9tf*rtr!r=l»*i*c+10a*6V. .. 

24. Divide 42a'— ;84a**ft*<: by 1— 2a'6'c 



V. I 



:> 



Jllgebraic Fractions. 



KY. When ths dividnd does iiot eonlain the same let^ 
as the divisor, or but part of those of the divisor, thci ^tyision 
cannot be performed in this way. It can then only be express- 
ed. The usual way^ of expressing divisiqn, as has already 

been explained, is byiyriting the divisor under the dividend in 

' • • • > ' , 

the form, of a fraction. Thus a divided by i is expressed ^ 



This ffiveB rise. to fractions in Che same manner as in. arithme- 
tic. It was shown in arithmetic, that a fraction properly ex- 
f>resse8 a quotient. , Algebraic fractions are subject to precise- 
y the. same rules asiroi^tk^ns in arithmetic. Many of the ope- 
rations are more easily performed on algebraic fractions. 

In these, as in arithmetic, it must be sept in mind, that the 
denominatoi!^hows into How many parts a unit is divided ^tmd 
the numerator shows how many of those parts are used ; or the 
denominator shows into how many parts the numerator is di- 
vided. • ' 

I shall here briefly recapitulate the rules for the operations 
on fractions, referring ikA leametf to-the^Arithmetiii fcir a more 
full developeiyi^it of their principles. 

o *• 3 6 
2 tuneB w^ r= ^^.^ 

,. • : ! • ... 2 timeti = ?i!. . • : : ' 

6 6- 
c tunes- = —-. 



I otiia V ; for I of 7 is |, and f is 3 times as rnuoh; f of 
n is ^f ; for ;^ of a is *, and f is 2 times as much. The ^ part 

oft* is^ ; for J of c is *^, and j is a times as much. 

Hence, to muUiply a fnaucAon by a whole number , or a whole 
number by afraciionj muUiply the nvmeraiar ofihefradum and the 
whole number together ^ ana aivide by the. denominator. 

Ariih. JlfttKUf XY.&XYl. 

ExampUs. 
1. Multiply . 1+i V 9. -Ji* ?5±^ . 






• .1* • • / 



c " c 

/ ' . ■ ■ • : » . • 1 ' » , > 






;« -, 



\ 

< . < ■ • 



I > 



■; • * 






*" ' ,-«*■■ 



'\'. J -• ' •• 



3. Multiply 1^^ bj 4i^. 



Mi$* 






4- Multiply ^ai—ic by 5a<? + Sc». 

6. Multiply 6ae^%wf ^^ 6 a 5 — 3 n. 

6. Multiply 16 a**— 3ft » by f"~^^^ 

'^'^ 3 a + 7 or 



XVI. 1. Dwide 


4a 
7 


by 2, or find i of 


4a 




4ni. ?5. 


7 




7 


% Divide 


oft 


1 
by a, ojr find - of 


« 1 


c 


■ ^' '• 


«6 




Jim. t 


c 




e 


3. Divide 


cd 


1 

by 3 a, or jfuid J— of 

3a 


«tf»» 


• 


^fu. 2«i 


e<} 




' ed 

* 


4. Divide 


i "' 


2, or find J of r* ' 

ft . 



This cannot be done like the others, but it ma^ be don^ by 
multiplying the denominator as in Arith. Art XVII. For tm 
firaction f denotes, that on^ is divided into as manjf wfiApttttB 

as there are units in ft, and that as many of these parts are used 
as there are units in a ; . or that a is divided into as many equal 
parts as there are units in ft ; ^ence if it be divided into twice 
as many parts, the parts will be only one half as large^ and the 
fi-action will have only one half the value. 



Xn. DmiMmrfgkmlioni. 8t 



Hence t dividod by 2, is JL 

So ^divided by il^isi^ 
c cd 

5. Divide il* by 4d. An$. l5|. 

2c3 ^ Bed!' 

Hence, to divide a fraction hy a tok/Qle fwmber^ divide ih0 ntH 
tnerator ; or when ^ust cannot he done^ muUipb/ the denominat&r by 
the divisor. 

6. Divide IfL^ by 3 a. 

d 

7. Divide iif!*! by lah. 

ed 

8. Divide 1^4^ by 2a«c. 

9. Divide ^ by V. 

bae 

10. Divide Zii by 3. 

11. Divide t^ by 6. 

12. Divide "££i by 2hm. 

mnr 

13. Divide H^ by St^dL 

6cd» ' 

14. Divide VjtL, by 8**«». 

7a?d ' 

15. Divide llZiM by Zad. 

16. Divido '^ *"*:"?»' »>7 ««». 

17. Divida , ^^*^^ . \/f ?»■•. 

JoiT— Si? 

8 



86 


.««iflj|p0BfU» ArV £• 


18. Divide 


17c— 3«* 
So»n — 7i^ 


by 4i^ + 8ii. 


19. Divide 


STaJ 


l^ ■ 46— S«. 

• 


30. IMnde 


2a — rf 
3a — 4cd+l 


. bjr 7a + 4e^--l. 


21. What is 


,ofJ? iof- 


is iL and | is twice asmuch. 


thatis,?il. 




V 



22. WhatiBthe?.partof f ? i of f ii±,and^ is a 

tunes as much, that is,^. 

oa 

Hence, to multiply one fraction hy another^ multiply the ntfsie- 
raton together for anew numerator^ and the denominaiort toe^her 
for a new denominator. Ariih. Art. aVIL 

28. Multiply ^ by 1. Ans. ?£*• 

3 c 2fii 6cjii 

24. Multiply ^ by ifL!?. 

*^' 46c ' ben 

35. Multiply '^f"* by ^. 

26. Whatb Jf!^ of ii/? ■ - 

oca 3ma 

27. Whatii t*!4 of ^-^? 

9aar I3nx ' 

28. Multiply f" br ^ "*'-"** 

*^' 36 +c • 67ir 

29. Multiply 2gm'-r8a«m . »««»' 

4ac4-2c 2am — 5e 



jpn. MMpUeatim mUHtntion (fEracHont. ^ 

80. Multiply gac + 8 . - 9ah—c ., 

*^' 66c— 2<P ' 6ac— Sod 



( 



31. Multiply^ 2a — m + 3nf , J3^<^ 

'^^•^^ Turn* ■ 17am«— c + 6' * 

We JiAxe seen that a ftacti^o-may be dhrided by molliplying 
its denominatoi^, because the parts are. made smaller ; on the 
contrary, a fraction may be multiplied by dividing its denomi- 
nator, because the parts are made larger. Aritb. Art. XVIII. 
If the denominator be divided by 2, the unit is divided into 
only one. half as many parts ; consequently the parts must be 
twice as lar^e as before. If die denominator bo divided .by 5, 
the unit is divided into only one fifth as many parts \ hence the 
parts must be .five times 9» large as before, and if the same num- 
ber of parts be used as at first, the value of the firaction will. be 
five times as great, and so on. . 

32. Multiply ^, by 6. Jim.—. 

SO 4 

I 
I 

88. Multiply ^ by b. 

be 

If vre divide the denombiator by &, the fiaction becomes 

JLy ia which d i» divided into --- part as many parts \ hence 
e ' o 

the parts, and consequently the firaction is h times as laige bm.. 
before. 

84. Multiply ^ by 2 c. 

35. Multiply Jlf^ by 8 c* d. 

86. Multiply -1® by 7o«». 

42<r»* 

87. Multiply — fL— - by 5aic. ' 

25 n If 

88. Multiply 1. by 5: 

ba 



SO. Miiltipfy --l^ by ah. 



40. Multiply — g^^' by 4fe 

4a"— — 46« ■ 



42. Multiply 



< 23m->13 

by Tiii^e. 

45. Multiply I by 5. 

IKviding the deikominatoir by 5 it becanww ft or S» 

Multiply * by *. 

6 

IMvidiiig the denominator by ft it becomes iL, or a. 

1 

44. Multiply ii4 by bhd. .^.ifL£ = 3ac. 

5oa 1 

In fact ^ multiplied by ft is -jr == 1* and ^ being. # tones 

as mnch as ._, must give a product a times as large, or a 

ft 

times 1, which is a. 

Hence, ^ a fraction he muttijpUed fty ii$ denominator^ the pro- 
duct wSl he the nvmerator, 

46. Multiply II^ by bhd. 

5 ft a - 

46. Multiply ^ by 36 c. 

47. Multiply 2^, by 46«i'. 
^ *^' 47^ ' 

48. Multiply P.*"Y by bdn*». 



• • . . . • . . 

60. Multiply 15gc + 37ftc ^ iOa6— 2c 

61. Multiply 47aif>' + 3ft-c by aj:« — 8a'm+6. 

aor — 3ir»i + 6 

Two ways have been shown to multiply fractions, and two 
ways to divide them. 

To multiply aJracHanj > j^. , C the numerator 

Todivi£:afractunh ) ^^^^'^ {the denominator. 

To divide afradionj > «.^^ ( tAe nicmera^or. 

7\> muUiply afractum^ ) ^ ( ^Ae demminator. 

Aiith. Art XVIII. 

Reducing Fractions to Lower Terms. 

XVII. J^boih numerator and denominator he multipUed by the 
same number j the value of the fraction vnU not be akerea. 

Arith. Art. XIX* 

For multiplying the numerator multiplies the fraction, and 
multiplying the denominator divides it ; hence it will be multi* 
plied and tiie product divided by the multiplier, which repro- 
duces the multiplicand. 

In other words, -^ signifies that a contains b a certain num« 

b 

ber of times, if a is as large or larger than i ; or a part of on- 
time, if b is larger than a. Now it is evident that 2 a will conr 
tain 2 b just as often, since both numbers are twice as latrge as 
before. 

Sq dividing both numerator and denominator, both divides 
and multiplies by the same number. 

, _ 2X3 _. _6^ -. 7x3 --.21-- 3 X > _ 36 

* 2X6 10 7X5 86 5xT FS' 
a _ia_ 6a_tfc ^2«crf 
b 26"~66""ic 2bcd , * 

6a6 _ 3ft X2g ^2g 

9Tc 3&X 3c 3c* 

8* 



#0 iHfrfwr. JPfJL 

Hence, if a ficaction contain the iana factor both in the nu- 
merator and denominator, it may be rejected in both, that ia, 
both may be divided by it. This is called reducing fractions 
to lower temuk 

1. Reduce ?i^— to its lowest tenns. Am. t^. 

l&bcm 66e 

» 

2. Reduce — -L-. to its lowest terms. Am. • 

3- Reduce ^1^ to its lowest teims. Ant. 1!~ 
30 6 m 66 

4. Redoee ^^ ?.*' ^ to ita lowest tenm. 

6. Reduce ^^ ° ^'/. to its lowest tenns. 

13 0*6*0!* 

C Reduce l^f/~f^tr to its lowest tenns 

7. Reduce 27m'x — 54a^ ^^ j^ j^^^^ ^^^ 

8. Divide ^bcfhtifa? by 7a^nm^ x. 

Write the divisor under the dividend in the form of a fiao« 
tion, and reduce it to its lowest terms. 

Ans. !*^ 



9. Divide 276*»/ by 2l6*i»*y. 

Ans. 

10. Divide ,66 6r*y by 7 6'ny*. 
^11. Divide 64m'iir*y by 36 6my^. 

12. Divide 18c*rfma^ by 63c»V«'. 

13. Divide 115r*y^ by 15rfy. 

14. Divide 128tf«c»r«^ by 48ii«»r'«i. 



• • •# 

if. 

7 SI. 
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15. Divide llaex by iSa^a^^ 

16. Divide 38 (^ey by 14a*y». 

17. Divide 36i^ai'y . by 64a*«i/. 

18. Dinde 75a^6y« by 9btfe^». 

19. Divide a + & by 2e— iT. 

20. D)vide 2<^c— 7a'6c+15«'c<I 

by ISa^ciI. 

2L Divide 18aPf»*~54a*fl^ + -&a*m« 

by 30a»m*<I— .12o*c«e. 

22. DivideCa+ftXlSae+ie) by (m*— «)(a + »). 

23. IMvide3c*(«— 2c)* by 26c'(o— 2c)». 

24. Divide 366V(2a + «0»(76— «!)* 

by 12J»(2a + d)*(76— <?)•(«— i). 

Adikion end Suhtmciion of Fro/cHom. 

XYin. Add together A and4- «nd ±. 

o d f 

This addition may be expressed by writing the fractions one 
after the other with the sigUvOf addition between them; thus 

N. B. When fractions ate connected by the ngns -f- and 
— ^ the sign should stand dkeotly in a Ime wiih the lioe of the 
firattioflu 

It is frequently necessary to add the nmneratofs together, in 
which case, the fractions, if they are not of ^ same denomi- 
nation, must first be reduced to a conmion denOminatcHr, as in 
Arithmetic, Ait. XIX. 

1. Add together i. and A. JIm. £±£ = i.. 

7 7 7 7 

%. Add tpgether y audi.. Jim. "+<' 



mnxL 

8. Add together 34 and *_! " ^«. if+Sf = 9«. 

ed ' ed cd ed 

4. Add togetherif:, and LfL* Jbu. ^«+ ^/^ 
* Serf 3cd . ^cd 

6. Add together | and f . 

These must be rediiced to a. common denominator. It has 
been shown above that if both numerator and denominator be 
multiplied by the same number, the vahie of the fraction will 
not be altered. If both the numerator and denominator of the 
first fraction be multiplied' by 7, and those of the second hy 5, 
the fractions become |^ and ||. They are now both of the 
samedenomination, and their numerators may be added. The 
answer is |}. 

6. Add together ^ and i. 

b d 

Multiply both tenns of the first by d, and of the sec<md by 

69 they become ,_. and ~ The denominators are now alike 

d d 

and the numerators may be added. 

The answer is ?!£±ii. 

bd 



7. Add together ±, JL I-, and i 

b d f h 



In aU cases the denominators wiU be alike ^ both terms of each 
frae&on be multi^ied by the denominators (faU the (Others. For 
then .they will ^1 consist of the same &ctors. 

Applying this rule to the above example, the firactions be* 

-.rv«»^ flrf/A bcfh bdeh ^ , irf/r 

"^^ TdJH, FtjH UfH "^ TTfi 

m «..:. <^dfh + hcfh + bd,K^dfK 

hdfh 

8. Add together ^HiL and |f . Au. lL'J+il£. 
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It was shown in Anthmetibf Art XXII» that a cdiimon de- 
nominator may frequently be found much smaller than that pro- 
duced by the above rule. . This is much more easily done in 
algebra than in arithmetic, n 

9. Add together^ ^ mi tL 

or. oe eg 

Here the denominators will be alike, if each be multiplied 
by all the factors in the others not common to itteUL If the 
first be multiplied by e g^ the seccmd by <fgy and the third by 
be By each becomes o c^ eg. Then each numerator ^mnst be 
multiplied by the same quantity by which its denominator was 
multiplied, that the value of the Auctions may not be altered^ 

The firactions then become ,^f^, , f . ^ , and %^-- 
. . , ^ 0(reg iceg B<reg 

The answer i;^^g+ffg+^"^/: 

10. Add together ^f^m^lM. 

be . Srfgi : ' 

11. Add together 5i!i?, lland^* 

12. Add together 2±9odJ^ 



2mn. 3»p . 

13. Add together JLL.^ and 1^. 

14. Add together ?^4^aad ®'"" 



15. Add together l^ ^ «kI|^. 

16. Add together lS± and 13 al. 

17. Add together ^-l^aDdSac— SS. 



1& Add together ii^^^nl^ and 11a e— 5 M. 

19. Add together ll£l!±=^mid%:^. 

20. Add together ^^^^7^', and ^li+El . 

* 4a? 26 + 16a6 " 

SI. Sabtnust 1- fipm ~ 

b<? 2be 

This subtraction may be expressed thus, 

3a j_ 

But if they are reduced to a common denominator, the nimifr- 
ratois may be subtracted. 



%he 



aa' CImIv*.^^* 2 £1 6 4L-«-* 6 Sill 

zS. DUbtract — --. Irom ^ , » 

ScPtf 2c*ap 

SS. Subtract — « — g— - from — , — s— «• 

84. Subtract _*4- *««» ?^v 

nary 2my 

26. Subtract -If.* from JlL. 

2mV< Sm'ff 

26. Subtract illil from iifiL 

3si& 5si'6' 

27. Subtract H^ from ^ZI. 

28. From IZac + he subtract ZJll. 

^ 2bm 

29. From ^^^-Ux ^y^^^^ 13a« 

2rmx I4am 



♦ ■• • 
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30. From -jj-j subtract j-jrpi 

Solution. 

27arf _ 2fl&J — 3ci>i' _ (27 ad) 2 b 
2h(? Tve (2 i I?) 2 4 

2a&rf — 3cm * _ Mold 

TF? 4 6* c* 

_ 2a6cf — 3cw* _ 54a&J — 2a6rf + 3cm* 
4 6* c» AVe 

_ 52 fl R ii 4- 3 c m* 
~" 4 6'c' 

which is the answer. 

When tlie fraction ^gft^ — 3cw' ^^ subtracted, the 

Ab*(? 

sign — was changed to -f • See Art YI example 6th 

bnaf — \0 adx 



31. From 



Subtinct 



12 ad 

\Zna? — 5 TO jc* 4- 17 
6 mo? 



32. From ^^^.^^ subtract ^^ "* 



3rfa?* — 6 4da? 



XIX. Divinon of tpkole numbers by Fraetiom, and Dradiant by 

Fractions. 

How many times is | contained in 7 ? 

Ans. i is contained in 7, 35 times, and } is contained | as 
many times ; that is, y or 1 1| times.' 

2. How many times is f contained in a f 

Ant. ^ is contained in a, 8 a times, and f is contained | aa 
many times; that is, Y* 






9B Ak^bra. XIX. 

3. How many times is JL contained in c? 

An$. 4* is ^^oi^tained & c times in c^ and A is contained _ 
b , a 

asmany times ; thai is, —• 

a 

Arith. Art. XXIII. 

4. CM* what number is e the ^ part ? 

Ans. If c is the — jmrt of *8ome number, — will be -7* 

6 a 

part of the same number, and £ is .. part of — • 

a o a 

Arith. Art. XXIV. 

Hence, io divide a whole number by a fraction^ multiply it by the 
denomnai»r cf thtfradi^n^ and divide the product by the numeral 
tor. 

How many times is | ccmtained in }• 

Solution. Reducing them to a common denominator, | ig 
III and } is |f . |} is contained in j( as many times as 24 is 
contuned in 35 ; that is, |f or 1^^. Am. 1^|. 

6. How many times is -f. contained in •-. ? 

b d 

SiJution* Reducing them to a common denominator, — 

tfo ^ € • be nil. « • he 

IS — . and — IS — ,. —. is contamed m ll as many tunes as 

bdr d bd bd bd 

a rf is contained in 6 ei that is, «JL Ant. — ,. 

ad ad 

7. Of what number is ^ the -2. part f 

^ o 



xou 



c . , a 
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Solution, If -^ is the -^ part of some number, — part of -^ 

do a a 



IS -^ parf of Aat nuniber : -*— pah of -y- is — ^ 
' a d ad 



and— ^ IS -r 
ad o 



part of 



ad 



«/fn«. 



if 
ad' 



Hence, to divide a fraction by a fraction^ muUiply the nume* 
rotor of the dividend by the denominator of the divisor^ and the 
denominator of the divtdend by the numerator of the divisor. 

Or more generally, when the divisor is afraciion^ muUiply the 
dividend (whether whoh number or fraetUm) by the divisor 
inverted. 

8. Dhride 3 ab 

9. Ditidd 13 a 



Arith. Arts. XXIII. and XXIV. 
b 



by 

by 



10. Divide 17 a m 



11. Divide act 



12. Divide Sax 



by 
by 
by 



V I 



13. Dhride 2 ac-^be by 



14. Divide 17 a«' — 2bx'{'cx by 



c 

2c 
T' 
3b e 

2 a* m 

3a 
6 c* 

ISabs — 2g 



Ift^ Divide 11 ax* — 3 « 



7a*c 
2« 



16. Divide 



17. Divide 



1^ Divide 



be 
d 
2ed 

■17 d^m 
5 z»y* 



by 
by 
by 



7 a c x — 3 a e 
3ae 



m 

2*y 
&ad^' 
3a*n« 



9 
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1^ 'Divide — bv . — - — -— . 

35 l^my^ ^ 21 6* m^ y 

20. Divide ^ ■ by *^ ^ — ^ . ^ ■ 

If a a: * 9 a a: car 

«, T%- -J ?« — 3c(I , 2am — 6aa? 

21. Divide -i:^ ; by - — r— ; — 5-. 

2am + 5aa; '' 2a-\-3cd 

22. Divide ^"^^-^^ by ^^^^ . 

3my + 3md 6rf — tn « 

ITivmon o/* C<mpamd QuantUiet. 

XX. Sometimes division may actually be performed when 
both divisor and dividend are compound quantities. Since di- 
vision is the reverse of multiplication, the proper method to dis- 
cover bow to perform it, is to observe how a product is formed 
by mukipl!cation< 

Multiply 2 «» ft — 3 a*6« c f a i^ c« 
by 4a^ b^ + 2abc. 

8 a*6^ — 12 a*6* c+ 4 an«c2 + 4a*62^— 6a»6»c*-f-2a^6* c». 

Observe that each term of the multiplier is multiplied separ- 
ately into each term of the multiplicand. The product thereiore 
must consist of a number of terms equal to the product of the 
number of terms in the multiplicand by the number of terms in 
the multipUer. If the product be divided by the multiplicand, 
(he multiplier must be reproduced, and if by the multipHer, the 
multiplicand must be reproduced. 

The three terms 8a*i* — 12a*6*c-+-4(]^fc*c*ofthe pro- 
duct were produced by multiplying the three terms of the multi- 
Slicand by the first terra of the multiplier, 4 a* 6*. Therefore, 
' these three terms be divided by 4 a^ fc^, the quotient will be 
the multiplicand. 

Again, the three terms 

. 4 a* 42 c _ 5 ^8 j5 c« + 2 a* ** c» 

of the product were formed by multiplying each term of the 
multiplicand by 2 a fr c. Therefore, if these three terms be di- 
vide J by 2 a 6 c, the quotient will be the multiplicand. 
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Hence we see that the ^whole division night be performed 
by any one terra of the divisor, if all the terms of the dividend 
which depend on that terra and the quotient could be ascer- 
tained. This cannot often be done by inspection ; for in 
many products, though at first there are as many terms as them 
IM units in the product of the nuraber of terms in the rauhi- 
plittand by the number of terms in the multiplier, some of the 
terras are united together by addition or subtraction, and 
some disappear entirely. Even if all the terms did remain 
entire, they could not be easily distinguished. 

However, one term may always be distinguished, and fi-om it 
one term of the quotient may be obtained. 

. Divide . 4 a* — 9 a^ l^ + 6 ab^ — b* 
by 2 a2 -• 3 o 6 + i2. 

First, it IS evident that the highest power of either letter in the 
dividend, must have been produced oy multiplying the highest 
pbwer of that letter in the divisor by the highest power of the 
same letter in the quotient ; for in order to produce the dividend, 
each term of the divisor must be multiplied by every terra of the 
quotient. Therefore, if 4 a* be divicfed by 2 a^ it must give a 
term of the quotient. Or, if — 6* be divided by 6* it must give 
a term of the quotient. Let the quantities be arranged accord- 
ipg to the powers of the letter a. 

Dividend. Divisor. 

4 a* — 9 a^ b^ + 6 a i^ — bW2 a^ — S a b + b^ , 



4a* — 6«*fc + 2a2 62 \2a2+3afc — i^ quotient. 

^~] 6c?b — lla^ 42 ^Qalfi — b^ 
6a«fc — 9a?i2+3ai» 

— 2a« W +3aft^ — 6* 
— 2a2 *« +3a6* — ** 



I divide 4 a* by 2 a^, which gives 2 a* for the first term of the 
qtiotient. Now in foiming the dividend, every term of the ifi- 
Tisor was multiplied by mis term of the quotient, therefore I 
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• 

multiply the divisor l)jr this term, hj which means I find all the 
terms of the dividend, which depend on this term. Thejr are 

4 a*— 6 0*6 + 2 a« h^. 

Here is a term 6 t^b which is not in thedmdend^ thn must b8v# 
disappeared' m Ae product. The term 2 a' 6* is not found 
alone, but it b like 9 a* C and must hare disappeared hy uiuting 
with some other term to form that. I subtract ttiese three temw 
fi'om the dividend, and there remains 

6aH — 11 0^5* + 6a 6» — M. 

which does not depend at all on the term 2 a^ of the quoHenft^ 

but which was formed by multiplying each remaining term of the 
quotient by aU the terms of the divisor. This then is a new di* 
vidend, and to find the next t&rm of the quotient we must pro- 
ceed exactly as before ; that is, divide the term of the dividend 
containing tne highest jpower of a, which is 6 a* 6, by 2 a* of the 
divisor, because this must have been formed by multiplying 
2 a* by the hgbest remaining power of a in the quotient. This- 
pves for the quotient + 3 a o. I multiply each term of the di- 
visor by this, and subtract the product as before, and for the same 
reason. The reminder is 

•^ 2 a» fc' + 3 a 4^ — *% 

which depends only on the remaining part of the quotient. ' The 
highest power of a, viz. 2 a^ 6^, must have been produced by 
multiplying some term of the quotient i^ 2 a^ of the divisor i 
therefore I divide by this again, and obtain — i^ for the quotient. 
I mtdtiply by thb and subtract as before, and there is no remain- 
der, which shows that die division is conipleted. 

By the above process I have been enabled to discover all the 
terms of the dividend produced by miikqdying the first term 
of the divisor by each term of the quotient. If both be arranged 
according to the powers ef the letter 6^ and the same course 
pursued, the same quotient^witt. he obtaiiied, hut in a reversed 
Older. 

In the division the term — 2 a' i^ has the sign — . Here we 
must observe that the divisor and quotient multiplied to^et);ier 
must reproduce the dividend. 

If -f- a 6 be dividedby 4- a, the quotient must he + 6, be» 
cause -f- a X + ft gives + « '• 



xz. 
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If -^^ a 6- be divided bjr 4* <>v the quodent must be -^^, W 
cause + a X — b gives — a 6. ^ 

If 4" ^ i be divicfed bj — a, the qtbtient must be'-— ^, be^ 
cause — a X ■— 6 gives + a 6. 

If — o 6 be divided by — a, the quotient must be + 6, be- 
cause — a X + i gives — ah. 

The rule for signs therefore is the same as in multiplicatioo. 

When the signs are alike^ that m, both -f- or both — , the sign 
of the quotient must be -j-; but when the signs are unKke^ that ik^ 
one -)- and the other — , the sign of the quotient must be — . 

By the reasoning above we derive the following rule for division 
of compound numbers. 

•Arrange the dividend and divisor according to the poiuets of 
some letter. Divide the first term of the dividend by the first term 
of the dioisory and write the result in the quotient* JHuUiply ai 
the terms of the divisor by the term of the quotient thus founds and 
subtract the product from the dividend. The remainder will be 
a new dividend^ and in order to find ttic next term of the quotient^ 
proceed exactly as before; and so on until there is no remainder^ 

Sometimes, however, there will be a remainder^, such that tht 
first term of the divisor, will not divide either term of it; in which 
ease the division can be continued no farther, and the remainder 
must be written over the divisor in the fprm of a fraction, and 
annexed to the quotient as in arithmetic^ 

Divide 2a* — 11 a*6 + 11 «» 6* -f 13a* fc» by 2a~ *. 

2a — b 

a*— 6a»6 + 3a*i*+8ai^ 



2^ — Ua^b + llaH* + lSa*b* 
2a*— a*6 



2a — b 



^10a*6 



— 10a*6 + 5a'i« 



lla»6* + 13a»fc' 



6a»6»-t-13i^A» 
6a»6» — 3a*i» 



16c«i» 
16a'6» 



^SaV 



Sab^ 
Bab* 



4V 



9» 
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. fix ihU 9](fui|)lftt ^ diviaim nu^ ba Mtitibiiedl until tlie re- 
mabder is 4 b^, which caDoot be dividiad by a, therefore it must 
be written over the diroor 2a — fr «s a firactioo and added to 
the quotient. 



1. Divide 9^ '\'2ax •^' a* by a4" *•* 

2. Divide a* — i* by a + fc. 

3. Divide i* + 26«« + x*by V + s. 

4* Divide «■ -— y* by «* + * y + >^* 

5. Divide «• — y* by « + y- 

6. Divide 15a*-f 2afc— 8i' by 3a — 2 6- 

7. Divide a?'* — 2ary*-f-y' by « — y. 

8. Divide »» — 9«' + 27 by 9 — 6a + (^- 

9. Divide 4o* — 3 — 9a» + 6a 

by 3 a: — l-f2<i*. 

10. Divide a* — «* by a* — a';c4-«** — «*• 

11. Divide 6»*— 96 by 3»~6. 

12. Divide 40* — ab by 2a — b. 

13. Divide 6a*+9a*— 15a by 3aF — 3a. 



XX!. EquatUms. 

The above rules are sufficient to solve all equations of the fint 
degree. 

1. Find the value of x in the equatioq 

aVx — 2e 2ac , .b*x 
— . ^zssabx —- . 

5a Sa-^b 3 

First, clear it of fractions by muldplymg by the denomma 
ton. 

* Let th* lewBflr prove hb remlte bj imiltipfiMifioft. 



« ) 



Expre$8iDg the maltiplication, we have 

(ai'ar — 2c) (3a — 6) (3) — (2ac) (6a) (S) 
= (abx) (5a) (3a — A) (3) — (b^x) (5a) (3a — 6). 

Perfonning the multiplication it becomes 

9a*Vx^l%ae — Sab^x + 6be — aOi^e 
— 45 0»fta._ 16a*ft*x— 16a»ft*« + 6a5*ar. 

Transposing all the terms which contam x into the first memp 
ber, and those which do not contain it mto the second memberi 
it becomes 

9a'b*x — 3ab^x — 45a'bx + lbaH^X'}'Ua*b*x — 
bab*x=lSac — 6Ac4-30a»c. 

Uniting the teraos which are alike 
89 a' 6** — SaVx — 45a'b2r = 18ae — 6&c+30a*c. 

Sejjarating the first member Into factors 
(39 a* i« — 8 a 6» — 45 a'6) « =« 18 ac — 6 6c + 30 o'c. 

, , . . 18 a c — 6 ft c + 30 a* c 

which gives * = ^^ ■ -. r — n-^ — ,, , , . 

^ 39 a* 6' — 8 o 6* — 46 a» 6 

2. Find the valiie c^ c in the following equation; 

I3a — ~ = 2cx + d. 
2c 

3. What 18 the value of « in the following equation? 
-|- 4 ft c =! a 6. Jhis. X s=^ ^ 



ft— 3a? * 3aft — 12ftc 

4. What is the value of j? in the following equation? 

'7* IQA b*c — d 

— 13ftc = 



5x — 2a 26 — 1 

5« What is the value of j? in the following equation? 

7a6rp , -. , a — 3a 
-|- 26 = 



3fte — 2ad? 1 — 56 
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XXII. JtEseellaneaus Examples producing Simple EqucUions. 

1. A merchant sent a venture to sea and lost one fourth of it 
by shipwreck; he then added $2250 to what remained, and sent 
again. This time he lost one third of what he sent. He then 
added $ 1000 to what remained, and sent a third time, and gained 
a sum equal to twice the third venture; (us whole return was equal 
to three times his first venture. What was the value of the first 
venture.^ 

2. A man let out a certain sum of money at 6 per cent., sim** 
pie interest, which interest in 10 years wanted but. £ 12 to be 
equal to the principal. What was the principal? 

3. A man let out £ 98 in two different parcels, one at 5, and 
the other at 6 per cent, simple interest; and the interest of the 
whole, in 15 years, amounted to £81. What were the two 
parcels? 

4. A shepherd driving a flock of sheep in time of war,^ met a 
company oi soldiers, who plundered him of on^ half the sheep 
be had and half a sheep over; tiie same treatment he received 
from a second, a third, and a fourth company, each succeeding 
company plundering him of one half the sheep he had left and 
one naif a sheep over. At last \» had only 7 sheep left. How 
many had he at first? 

5. A man being asked how many teeth he had remaining, 
answered, three times as many as he had lost; and being asked 
how many he had lost, answered^ as many as, being multiplied 
into i part of the number he had left, would give the number he 
bad at first. How many had he remaining, and how many had 
he lost? 

After this qoeation is put into equation every term may be 
divided by x. 

6. There is a rectangular field whose length is to its breadth 
as 3 to 2, and the number of square rods in the field is equal to 
6 times the number of rods round it. Required the length and 
breadth of the flbld. 

7. What two .numbers are those, whose difference, sum, and 
product, are to each other, as tlie uumbei^ 2, 3, and 5 respec* 
tively? 
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8. GtfOfsttXaud the tbove bj putting a, b^ md c instead of 2, 
S> and 5 respectivdy. 

• Let « = the greater 
and y =£ the less. 

Then 



I. 



jr_y = ^(a? + y>. 



^ a 

«• x — y = jxy 

^ , i ^ bx — ax b — a 

3. by the first y = = p-| — x 



4. by the 2d y = 



b -{- a A + a 
c « 



flj; -}- c 



6. by 3d and 4th ; — = — _-2« 

6. diyiding by x i— = -— j — 

7. 0leurv)g of fractions be -^ aessabx — tfx-{-bC'^a0 
6. by transposition abx — a*x=s2a6 

9. from the 8th (b — a)x = 2c 

2e 



10. 



6 — a 
b — a 2c 2c 



ll.puttkigl(khbto3dy = ^^^. 6_a-i + «- 

Solve the 7di Ex. by these formulas ; also try other num- 
i>ef9* 

9. When a company at a tavern came to pay their reckonings 
they found that if there had been three persons more, they would 
have bad a shilling apiece less to pay; and if there had been two 
less, they would mve had to pay a shilling apiece more. How 
many persons were there, and how much had each to pay? 
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10. A sum of money ia to be divided equaDy among a certain 
number of persons. Now if tficre were three claiinants less, 
each would receive 150 dollars more; and if there were 6 noore, 
each would receive 120 dollars less. How many persons are 
diere, and how much is each to receive? 

11. What fraction is that, to the numerator of which if I be 
added, its value will be } , but if 1 be added to its denominator 
its value will be } . . 

12. What fraction is that, to the nnnierator of which if a be 

added, its value will bo — , but if a be added to its denominator 

n 

its value will be — ? 

9 

Jhh$. Numerator JlI — iL-i , 

mq — np 

Denommator ^^ ^^ . 

mq — n p 

Solve the 11th example by these formulas. 

13. What fraction is diat, from the numerator of which if a 

fit 
be subtracted, its value mU be — . but if a be subtracted iinonr 

n 

its denominator, its value will be ^? 

9 

N. B. The answers to the 12th and 13th differ only in th& 
signs of the denominators. The learner will find by endeavoring 
to solve particular examples from these formulas, that he will not 
always succeed. If in making examples for the 12th, he selects 
his numbers, so that np is greater than m 9, the formula will faO; 
but if he takes the same numbers, and applies them accordin'g to 
the conditions of the 13th, they will answer those conditions. 
When mq 13 greater than np the numbers will not suit the con- 
ditions of the 13th, but they will answer to those of the 12th. 
The numbers in example 1 Itb will not form an example accord- 
ing to the 13th. The following numbers wiH form an example 
for tlie 13th but not for the 12th. 
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14. What fraction is that, ftpm Ae numerator of which if "S 
be subtracted, its value will be | , but if 3 be subtracted froniTits 
denominator, its value wiH be /i? 

The reason why numbers chosen indiscriminately will not 
satisfy the conditions of the above .formulas will be explaiii^d 
hereafter. 

Eqnati6n8 %cUh 9et>eral Unknown Quantities, 

XX in. Questions involving more thnn iviH> unknown QiMm- 

tities. 

Sometimes it is necessary to employ, in the solution of a 
question, more than two unknown quantities.' In this case, the 
question must furnish conditions enough to form as many distinct 
equations as there are unknown quantities. 

I • A market woman sold to one man, 7 apples, 10 pears^ and 
12 peaches, for 63 cents; and to another, 13 apples, 6 pears/ 
and 2 peaches, for 31 cents; and to a third, 11 apples, 14 pears, 
and 8 peaches for 63 cents. She sold them each time at the 
same rate. What was the price of each? 

Let X = the price of an apple, 
y = " a pear, 

z =s " a peach. 

Then we shall hare 

1. 7ar-f. 10y+ 12a: = 63 

2. 13ar-|- gy-f 25r = 31 

3. llar+I4y+ 8z = 63. 

The second being multiplied by 6, the z wQl hate the smne 
coefficient as in the first. 

4. 78a: + 36y-f 12z = 186 
1. 7:t-fl0y-f 13i:= 63 

6. 71 X + 26 y * == 123. 

If the second be multiplied by 4, the z w3I hsve the 
coefficient as the 3d. 
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$. llx+Uy + Szzss 6fi 

7. 41a: + 10y • = 61 

We bsve novr the two equations 71 a; + 26 y sc 123 

and 41«+10y= 61 

which contain only two unknown quantities. These may now 
be reduced in the same manner as otbeira with two unknowo 
quantities. 

jjilultiplying the 5th by 5, anU the 7th by 13> the coefficient of 
y will be the same in both. 

8. 356 ar + 130 y = 615 

9. 633 a? + 130 y = 793 

10. 178 « • «:178 

We have now found an equation containing only one unknowD 
quantity. 

178 OF = 178 

^ «=^ 1. 

Putting the vahe of x into the 7th, it becomes 

41 + 10y = 61 
10 y ==: 20 
y= 2. 

Putting the values of x and y faitQ the 2d, it becomes 

13 + 12 -f 2 ar = 31 

2r« 6 

arss 3. 

Jku. Tbe'apples I, die peare 2y and the peicdies 3 eeats 
each. 

In the same manner, questions, inyolving four uidmown ouan*- 
tities, may be solred. First combine them fwo by two till one 
ct the udmown quantities is efiminated bom the whole, and 
there will be three equations with three* unknown Quantities. 
.Thm oonbittB these three two by two, until ome of the 



•known quandties is eliniinated, and then there wiU be two equa- 
tions wiUi two unknown quantities, and so on. 

Either of the methods of elimination may be used as is. most 
convenient. 

It is not necessary that all the unknown quantities should enter 
into every equation. 

2. A market woman sold at one time 7 eggs, 12 app]ps, and 
a pie for 26 cents; at another time 12 eggs, 18 pears, and 3 
pies, for 69 ceiHs; at a third time 20 pears, 10 apples, and 17 
eggs for 69 cents; and at a fourth time, 7 pies, 18 apples, and 
10 pears for 66 cents. Each article was sold, at every sale, at 
the same price as at first. What was the price of each ar« 
tide? 

Let u =r the pric^ of an egg, 
« = " ' an apple, 

y= " a pie, 

z sss *^ a pear. 

1.^ 7tt+12ar+ y = 26 ^ 

2. 12 tt -f 13 2? + 3 y = 69 

3. 17ii4-20z + 10a: = 69 

4. 10z+18«+ 7y = 66 
6. In the 1st, y = 26 — 7 u — 12 ar. 

Putting this value of y Itito the 2d and 4th, they become 

6. 12 tt + 18 z + 78 — 21 1# — 36 a: = 69 

7. lOar-f 18a?+ 182 — 49 t« — 84x = 66- 

Uniting and transposing terms 

8. ISz — 9ti — 36* = — 9 

9. 10« — 49ti — 66ar==:— 116 

8- 20Z+ 17tl-f I04fa=a 69 

IT the 9th be multiplied by 2, the coefficient of z will be tbe. 
same as in the 3d; 

10- »z^nur-mx,^ —aft?. 

10 
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Sabtrfrctlng 10th from dd 

S: 20Z+ \7u+ 10x = 69 

10. 20 2 — 98 II — 132 ar == — 232 



11.* * 115 v+ 142 a: = 301 

If the 8th be multiplied by 5, and the 9th by 9, the coefficients 
^f z will be alike* 

: 12- 90 2— 45tt— 180ar = — 45 

: 13- 90 z — 441 tt — 694 a? =a — 1044. 

Subtracting 13th from 12th 

14. 396 w 4- 414 ar = 999. 

Deducing the value of x from 11th, and also from 14tb« 

301 — 115 tt 



15. X 



16. X 



142 

999 — 396 tt 

414 



Making ihese values of ar equal, we have an equation containing 
only one unknown quantity. 

999 — 396 tt _ 301 — 115 u 

414 142 

This equation solved in the usual way gives" 

tt = 2 

Putting this value of tt into the 15tb or i6th, we shall find 

1 
a?s= 

2 

Potting these values of x and tt into the 1st, 2d^ or 4tb, and 
we shall find 

y==fi- 

Putting the values of x and tt into the 3d^ and we shall find 

ar = 1 J . 

Jlns. Eggs, 2 cents each, apples^ | cent, pears, 1 1 cent, and 
|fes, 6 cents. 

* If the learner in at a km how to aiibtnct — 333 Irom 69 kt him tnufpoM 
iilh into the first member, or some termi tnm the drat to the aeeond 
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Id this exanip)e, three different oiethods of eliinination were 
employed. This was not necessarjr, either method might have 
bemi used for the whole. It is sometimes convenient to use 
one, and sometimes the other. 

3. There are three persons, A, B, and C, whose ages are as ■ 
follows; if B's age be subtracted from A's, the difference will 
be C's age; if five times, B*s age and twice C's age be added 
together, and from their sum A's age be subtracted, the remain- 
der will be 147; the sum of all their ages is 96. What are their 
ages? 

4. Three men, A, 6, C, driving their sheep to market, 
says A to B and C, if each of you will give me 6 of your sheep, 
I shall have just half as many as both of you will have len. 
Says B to A and C, if each of you will give me 6 of yours, I 
shall have just as many as both of you will have left. Says C 
to A and B, if each of 'you will give me 5 of yours, I shall have • 

Sst twice as many as both of you will have left. How mai^ 
d each? 

5. It is requirpd to divide the number 72 into four such parts, 
that if the first part be increased by 5, the second part dimin- 
ished by 5, the third part multiplied by 5, and the fourth part 
divided by 5, the sum, difference, product, and quotient, shall 
all be equal. 

6. A grocer had four kinds of wine, marked A, B, C, and D. 
He mixed together 7 gallons of A, 5 gallons of B, and 8 gallons 
of C, and sold the mixture at $ 1.21 per gallon. He also mixed 
together 3 gallons of A, 10 of C, and 5 of D, and sold the mix- 
ture at $ 1.50 per gallon. At another time he mixed 8 gallons 
of A, 10 of B, 10 of C, and 7 of D, and sold the whole for 
$48. At another time he mixed together 18 gallons of A, and 
15 of D, and sold the mixture for $ 48. What was the value 
of each kind of wine.^ 

7. Find the values of ti, Xj y, and z, in the following equa- 
tions. 

«~2y + 3jr=:5t« ♦ 

3x — 15 — t« = 4y — 23 
2n + z — jfa=27 
y + 12 — 3aF + lltt = 9l. 
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8. Three pet*sons, A, B, and C, talking of their monej, say^ 
A to B and C, give me half of your money and I shall have a 
srnn d; says B to A and C, give me one third' of your nnooey 
and I shall have d; says C to A and B, give me CHie fourth d 
your money, and I shall have d. How much had each? 
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It sometimes happens m the course of a calcuktion, throi:^ 
some misconception of die conditions of the (}uestion9 that a 
quantity is added which ought to have been subtracted, or a 
quantity subtracted which ought to have been added. In this 
case, algebra will detect the error, saul show how to correct it. 

The length of a certain field is a, and its breadth 6; how 
much must be added to its length, that its content may be c ? 

Letx=: the quantity to be added to the length. 
'iTheii a + X = the length after adding x. 

ab -^ bx = c 

bx ::= c — a b ^ 

€ 

x = --- — a. 



Suppose the length to be 8 rods, and the breadth 5; how 
much must be added to the length, that the field may contain 
60 square rods? 

Here a := 8, 6 = 5, and c = 60 

60 

0? = 8 = 4. , 

5 ' 

Jim. 4 rods, and the whole lehgtfa will be 12 ro6» 

Suppose the length 8 rods, and the breadth 5; how much must 
De added to the length, that the field may contain 30 square rods' 

30 ^ 
5 



Tbe answer is — 2 rods. What shall we understand by di&r 
negative' sign? 

Let Qs return to the original equation. 

8X6-|-5a?«30 

or ■ . 40 + 6 a: = 30. 

. Here appears an absurdity in supposing something to :bft 
added to 40 to make 30. The result shows that we nmflt 
add — 2 rods, that is, subtract 2 rods, which is in fact tfaac 
case; for 

40— 6 X 2«s30. 

Let the question be proposed as follows, There is a field 8 
rods long and' 5 wide; how much must be subtracted from the 
length, that the field may contain 30 square rods ? 

40 — 5 a? = 30 

a?= 2. 

The value of ar is now positive, which shows that the question, 
is correctly eiB[Nre8sed. 

There IS' Ik field 8 rods fong and 5 rods wide, how much mvat 
be subtracted from the length, that the 6M may contain 50 
square rods? 

40 — 5 ar = 50 

a: = — 2. 

Here again the value of x is negative, which shows some »- 
consistency in the question. 

The inconsistency consists in suppos'ing that something must 
be subtracted from 40 to make 50. In order to correct it, sup- 
pose something added. That is^ put into the equation -|r 5 « 
instead of — 5 ar. 

Hitherto we have treated of negative quantities only in con- 
nexion with positive. They arise from the necessity of express- 
ing subtraction by a sign, because it cannot actually be performed 
on dissimilar quantities. They are only positive quantities sub- 
tracted, and in their nature they differ in nothing from positive 
quantities. In that connexion we discovered rules for operatiog 
upon the quantities affected with the sign — . 

It may sometimes happen as we have just seen, that by some 
wrong supposition in the conditions of the question, the quan- 
tities tp be subtracted may become greater than those firom 

10* 
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wbich tbey lore to be subMcted, in which case the whole espies- 
sion taken together, or which is the same thing, the resuk ^fter 
subtraction, will be negative. This is what is properly called a 
negative qiumtity. 

A negative quantity cannot in reality be a quantity less than 
nothing, but it implies some contradiction. It answers to a 
figitfe of speech frequently used. If it is asked, how naach a 
man is worth who owes five thousand dollars more than he can 
pay, we sometimes say he is worth five thousand dollars le^s 
than nothing, instead of changing the form of expression and 
saying, he owes five thousand &)lhrs more th^ he can pay. 
; If any thing is added to a number, properly speaking it must 
increase the number; if we add nothing, it is not altered. It is 
impossible to add less than nothing; but by a figure of speech 
we may use the expression, add a quantity less than nothings to 
signify subtraction. 

As these negative quantities may firequently occur, it is neces- 
iNtry to find rules for using them. 

In the first place, let us observe, that all negative quantities 
are derived from endeavoring to subtract a larger quantity from a 
atnaller one. The largest number that can ac^ty be subtimcted 
from any number, is the number itself. Thus the largest number 
that can be subtracted from 5 is 5; the ^largest number that can 
be subtracted from a is a itself. If it be required to subtract 8 
from 5, it becomes 5 — 6 — 3== — 3; the 6 only can be 
subtracted, the 3 remains with the sign — , which shows that it 
could not be subtracted. If 5 be subtracted from 8, the remain- 
der is 3, the same as in the other case except the sign. 

In the same manner, if it be required to subtract b from a, b 
being the larger the remainder will have the sign — , that is, 
*a — b will be a negative quantity. 

Suppose b — a = m; then a — ft = — m. That is, whether 
a be subtracted from 6 or 6 from a, the numerical value of the 
remainder is the same, differing only with respect to the sign. - 

It is required to add the quantity a — 6 to c» 

The answer is evidently c -j- a — 5. 

Now if a is greater than 6, the quantity e -{- a-^b^is greater 
Aan c, by the difference between a and b; but if & is greater 
tfan a^ the quantity is smaller than c, by the difference between 
a and b. That is, if 
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and 'c4-« — fc = c — m. 

Hence, addkig a negative quanlf^, is equtvatent to sobcrac&i{ 
tea equa) positive quantity. 

In the above etttmpk of the field, in which die length was B 
i^Ods and breadth 5, iK was asked, how much must be added to 
the length, that it might contain 30 square rods. The answer 
#as -^ 2; which was equivalent to saying, you must subtract 2 
rods. 

It is required to subtract a — b from e. 

The answer is evidently c -^- « -|"^* 

Now if d is greater than bf the quantity c*— a + & is less thair> 
o by the dtfierence between a and by but if 6 is greater than a, 
the quantity is larger than c, by the same qtxintity. . 

Let a — 6 = — tn which gi¥es — qi -|- 6 = « 

then c — a + ^ = c + *»- 

Hence, subtracting a negative quantitji is equivalent to adding 
an equal positive quantity. 

In the example of the field, in which the length was 6 rods 
and the breadth 5, it was asked, how much must be subtracted 
from the length, that the field n»ghf contain 50 square rods. 

The answer was ^-* 2 rods, which was equivalent to saying 
that 2 rods must be added to the length. 

A is worth a number a of dollars, 6 is not worth so much as 
A by a number b of dollars^ and C is worth c times as much as 
B. How much is G worth i 

B 's property = a — b. 

C's property =a a c — 6c. 

Now if a is greater than by the quantity ae — be wiS be pos- 
itive; but if b is greater than a, then a — i is negative, mod also 
ac — 6 c is negative. 

Let b — a=^m. 

then be — ac=i em* 

and ae -^ be^ssz — cm* 

or e{a — bysm^^em. 
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That is, if B is in debt, C js e times as much in debt. Hence 
if a negative quantity be multiplied by a positive, the product is 
negative. 

A gentleoian owned n number a of faonns, and each fieutn was 
worth a number c of dollars, which was his whole property. He 
faired money wi fitted, out a number b of vessels, and. each ves- 
sel was worth as much as que of his farms. All the vessels were 
lost at sea. How much was he then worth? 

He was worth a — b times c dollars. That isi a c — be 
dollars. 

Now if the number of farms exceeded the number of vessels, 
he still had some property, but if tlie number of vessels exceeded 
the number of farms, (that is, if 6 is larger than a,) the quanti^ 
a c -<— 6 c is negative, and he owed more than he could pay. 
> Hence if a positive quantity be multiplied by a negative the 
product will benegativje. 

Multipty a — b by • e — d. 

a — b 
c—d 



Product ac — be — ad '\' bd. ; 

Thi;^ product may be. put in this form. 

(a — b) c+ (ft — o) d. 

Let it be remembered that a—^b has the same numerical value 

as 6 — a, they differ only in the sign. 

Suppose a — i = — m 

by changing all the signs b — asss-\' m. 

Hence (a — 6) c+(i — a) d== — c*ii + dm=m (d — c) 

' Now if rf is greater than c, (which is the case when c — d is 
negative,)- the quantity m (d -^ c) is positive. 

Hence if a negative quantity be multiplied by a negative, the 
product will be positive. 

Another demonstration. Suppose both a — - 6 and c — J to 
be negative, as before; then b — a and d — c will both be pos* 
kive, and their product wiU be-positive. 



b^ — a 
d — c 

This product is precisely the same as that produced hy. muld- 
plying a — b hy c — rf. Therefore if tWo negative quantities 
be multiplied together,, the pi^oduct^ Will b^ the same as that of 
two positive ^uanduds pf tkdwm^mimmQtl^ irahierapd wiU:^6 
the positive sign, , . 

It is required to find: the se6ond power of a — by and also -of 
b — a. 

The second power of each is^ a' + ^' "^ 2 o-i. 

. Now if a — 6 is positive, tbeit 6 ^— o is negativo; or if a— i 
is negative) then b — a is positive*' 

Suppose a — 6=:tn 

tbei^ B — a = — m 

rWB have (a — by =*: (6 -— a)'.=ss m^ .. ^ 

Thaf is, the second power of my qUitndt}r, whetlieir fodiliVd ^ 
or negative, is necessarily positive^ • . . 

'fbe rules for division will necessarily foUow from those' of^; 
multiplication. 

Hence the rules which apply to terms affected with the aign 
— in compound' quantities^ ^Ltend to isolated negative quanti* 
ties. 

We might also derive the same rules in the following mannerv \ 
It has been shown that a negative quantity is derived from some 
contradiction in the conditions of question, by which that quan- 
tity entered into the equation with the wrong sign. Now, in' 
onfat 10 make it rigKt, the sign of thaH quantity iomt be changed 
in all places where it b used. l%at is^ if it was before added, it ' 
must now be* subtracted; and if it was subtracted before, it must 
now be added, and that whether multiplied by another quantity or 
not. 

Suppose we have the equation 

af}e — aa;? — 2 « fc ar «= c — d. 
% Now suppose that we have* x =s^ — m. 
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This shows that x was used in all cases with the wrong sign, 
therefore to insert — m in place of x we must change the sign in 
each term where x is found. 

Take the quantity first without Xj thuS) 

a — 2 — 2ab. 

First insert ^— m in the second term and it becomes 

a + 2m — 2ab. 

Now insert -^ m into all the terms, and it becomes 

— am — 2ni? + 2a6m = c — rf. 

If — m be inserted by the rules found above, the same result 
will be produced. 

When a negative value has been found for the unknown 
quanti^, we have observed it shows that there was some in- 
consistency in the question. If then the unknown quantity be 
put again into the same equation, with the contrary sign, as we 
mtroduced — m above, that is, if the unknown quantity be 
taken with the negative sign, and introduced by the above rules 
into all the terms where it was found before, a new equation 
will he produced, difieriq^, from ^e former oplv in some of ibe 
signs. Then if the conditions pf the question be altered so as , 
to correspond with the new equation, it will be consistent, and 
a positive value wDl be obtained for the unknown quantity. ; The 
new value ,of the unknown quantity however will be the same 
as the former, with the exception of the sign. Therefore, 
when once we are accustomed to interpret tiiis kind of results, 
it will be unnecessary to go through the calculation a second 
time. 

The foUomng examples are intended to exercise the learner 
m interpreting these results. 

1. A father is 55 years old, and his son is 16. In bow many 
years will the son be one fourth as old as the fiither? 

Let xzsstbe number of years.^ 

644-4ar = 55 + a: 

3a?=:55 — 64sa= — 9^ 
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Here s has a negative value, consequendy it entered into the 
equation with the wrong sign. Putting now — • 9 instead of 9 
into the equation, it becomes 

4 

• 

* This shows that something must be subtracted from the pres- 
ent age; that is, the son was a fourth part as old as the rather 
spme years before. . 

This equation gives 

a? = 3. 

Therefore he was one fourth part as old 3 years before, when 
ibe father was 52, and the son 13. 

.2. A man wh^n he was married was 45 years old, and his wife 
20. How many years before, was he twice as old as sbe.^ 

2 
a: = -— 5. 

There is a wrong supposition m this question. Putting «- x 
into the equation it become^ 

20 + ^-^^^^ 
^ 2 

a: = 5. 

' This shows that she was not half as old as he when they were 
married, but that it was to happen 5 years afterward, when the 
man i;tos.50, and the wife 25. 

3. A laborer vnrought for a man 15 days, and had his wife and 
son with him the first 9 days, and received $ 14.25. He after- 
wards wrought 12 days, having his wife and son with him 5 da^s, 
and received- $ 13.50. How much did he receive per dayhun* 
self, and, how much for his wife and son' 

* ' ' 

4. A laborer wrought for a man 1 1 days, afid had his wife 
with him 4 days at an expense, and received $17.82. He 
afterwards wrought 23 days, having his wife with him 13 days, 
and received $38.78. How much did he receive per day for 
himself, and how much did he pay per day for his wife ? 
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6. A Idximr \froi|ebt for a geotkawn Tdqa^ haarmf bb wife 
with blip 4 days, and his son 3 days, and received $ 7.89. At 
another time he wroueht 10 days, having his wife urith him 7 
days, and his son 5 days, and received $ 11.65. At a third 
tune he wrought 8 days, having his wife with him 5 days, and 
his son 8 days, and received $7.54. How much did he re« 
ceive per day himself, and bow much for his wife and son ^eve- 
rally? ' 

6. What number is that, whose fourth part exceeds its tbird 
part by 16.^ 

- = -+16 
4 3^ 

a; = — 192. 

The (question as it was proposed involves some eoDtradiction 
Puttmg n • — X it becomes 

-i = -J+16. 

Changing all the signs 

£ = ^-^16 
4 3 

X = 192. 

This shows that the Question should have been as follows; 
What number is that, whose .third part exceeds its fourth part 
by 16? 

7. What number is that, ^ of which exceeds f of it by 18? 

8. What fraction is that, tp the numerator pf which if 1 be 
added, its value will be {, but if 1 be added to its deooounator, 
its value will be f? 

9. What fraction is that, from the numerator of which, if 2 
be subtracted, its value will be }$ , but if 2 be subtracted fix)m its 
deoQininiitor, its valine will be 41 

10. it is required to divide the number io into two such 
parts, that if the larger be multiplied by 3, and the sn^aller by S, 
the sum of the products will be 125. . 
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11. It is requtfed to find two numbers wboge sum is 25 , 
and such that if the larger be multiplied by 7, apd the smaller 
by 8} the sum of their products shall be 215. 

XXY. Explanation of Negative Exponents. 

It was observed above, that when the dividend and the divisor 
were different powers of ihe same letter, division is performed by 
subtracting the exponent of the divisor from that of the dividend: 
-thus 

-- =r a^— » = a*, 
a* 

a a 

Now — = 1 . By the above principle -- = a*~* bss a®; theSQ- 
a a 

fore a** = 1- 

Also ?! = a'^^ = a° = 1; A — i»-i =, jo ^ j. 
o' b 

12= 10^-* = 10^=1; ?Lt4=(a + i) 

= (a^+6)* = l*. 
That is, any quantity having zero for its exponent, is equal to 1. 

Again - = — , or - = a'-» = ar^ 
a^ a a^ 

a' "" "^ a* 

Hence it appears that ar^ has the same value as — , and «"^ 

1 
^as --. 
a* 

The quantities a% a', a*, a®, «-*, a""*, or-*, &c. have the samQ 

111 
value as a% a*, «% 1, — • > -= ? -rj &c. 

a o' a* 

* Exponents may be used for compound quantities as weH as jyr simple ; an J 
multiplication and division Biay be pedbrmed on tliose whieh are sitalliri by 
adding and subtracUng the exponents. 

11 



123 JHgebra. XXV. 

On this principle the denominator of a Traction, or any fiictor 
of the denominator may be written in the numerator by giv^ing its 
exponent the sign '^*. This mode of notation is onisn very 
convenient; I shall therefore give a few examples of its applica- 
tion* 

or c* 

1. Multiply. -~ by i'c. 

be 

« , , 2o ,. 2a6'c . 2a4* 
By the common rule - — x 6* c = , , = . 

' be" bc^ c 

By the principle explained above, 

2aft-*c-^ X 6'c = 2ai-^+»<r-*+*=2o6*c-* = ?^, 

c 

2. Multiply 3 a c-« rf-' by 3 a* c* d\ 

3. Multiply 5 0-* C-* by 2 a c^ 

4. Multiply by 3a'c'. 

'^ 2o*c' "^ 

5. Multiply. 2 a (6 + d)-» by 3a(ft + d)». 

^'^^^P^y 4c(2?-6rfr '^ ^^'(^«-*^)' 

7. Divide — - by c'. 
c* 

By the common method — -5- c* = — . 

By the above method 3ac-•-^c* = 3ac~•"* 

3a 






c» 



Or thus, to divide 3 a c*"* by c', is the same as to multiply it 
ly -J or cr*y which gives the same result. 
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^ 8. Divide f^\, b7 a»(2fc — c)». '^ s 

9. Multiply ii by ii. 

— ;5=:;aac^ a^ aad rT--= 4e€-*a-*. 

€ (I c*d 

' . ' ■ .• • 

8 a <r* rf-* X 4 e C-* (^-' = .12 o C-* d-' « = ^^ ** * 



e*tP 



10. Divide ^ by ^ * 



c*d ' o'c'rf 
2a«r-»<I-"-5-36a-*c-*i-' 

. ., 3 3 3i 

. Iq thb exaismle the exponents to be subtracted bad the vigpiL 
— , which in subtractiDg was changed to +. 

am 



• U: Mdd# '?^Lfcii^ by -1 



IS. Multiply ^"^^ . by ^.^iLzif):. " 
^^3c(6 — 2c)« -^ 12 a' 6' 

18. Divide *-i^#=:^' by IL^l^I^T 

14, Divide'"^ (*^^-^^^)^ ^y 5«M1IA±3^\ 
• (a — 6)* ^ 4(a — 6)» 

XXYI. Examination of Gtneral Formulas. 

When a question has been resolved generally, that is, by rep- 
resenting the known quantities by letters, we sometimes propose 
to determine what values the unknown quantities will take, tor 
particular suppositions made upon the known quantities. 



The two following questbos offer neariy* all the circumstances 
diat can ever occur m equations of die first degree. 

A C B 

Two couriers set out at the same time from the points A and B, 
distant from each other a number m of miles, and travel towards 
each other until they meet. The courier who sets out fix>m the 
point A, traveb at the rate of a miles per hour; die other travels 
at the rate of b miles per hour. At what dbtance from the points 
A and B will they meet? 

Suppose C to be the point, and 

Let a; = the distance A C 

and y = the distance B C 

For the first equation we have 

Smce the first courier travels x miles, at die rate of a miles 

Mr faotfir, he will be — hours upon the road. The second cou 

a 

rier will be ^ hours upon the road. But they travel equal times; 

therefore, 

1 = 1 
a b 

*-* • 
Putting this value of x into the first equadony^ it becomes 

ay^bysss bm 
b m 

ay a bm abm am 

*'^T~J a+l~ b{a+b)~7+b' 

Since neither of the quanddes in these values of x and y has 
the sign — , it is impossible for either value to become nega- 



XXVI. Examnaiim^if Fonniilaf. fit 

live. Tberrfore whatever numbers may be put in place (^ o^ 6, 
and m, they will give aa answer according to the conditions of 
the question. In fact, since they travel towards each other, 
whatever be the distance of the places, and at whatever rate they 
travel, they must necessarily meet. 

.Sapp^3e now that the two couriers setting out from the points 
A and B situated as before, bptb trav^ in the sam^ direqtioii 
towards D, at the same rates as before. At what distances from 
the points A and B will the place of their meeting, C, be? 

A B CD 



Let-or s=^ the distance from A to 0, 
and y = '< B to C, 

ar _ y = AC — BC = AB=m. 

The second equation expressing only die equality of the time 
win not be altered. 

a b 
Solnng the two equations as before, 

' — T' 

ay 

ay — bysssbm 



»==5 



a—b 



a' a b m aim'* am 



J '"^ b a—b b{a — b) a—b 

Here the values of x and y wiU not be positive unless • is 
greater than b; that is, unless the courier, that sets out from A9 
travels faster than the other. 

Suppose a S3S 8 and b sas 4. 
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Then x = -1?L = ??? = 2 m 

8 — 4 4 

4 m 4m 



^ 8 — 4 4 

Id thb ease tbe point C, where tbej come fogethefy 19 distant 
from A twice the distance A B. 

Suppose a smaller than b, for example 

- a = 4 and 6 = 8. 

Then x = ' = — m. 

4 — 8 

8m ^ 

Here the values of x and y are both negative; hence there 
is some absurdity in the enunciation of the question for these 
numbers. In &ct, it is impossible that the courier setting out 
from A, and travelfing slower than the other should oveortake 
him. 

Let us put X and y native in the two equations^ that is, 
ehange theur signs. 

Thejr become — x -f-'y = m 

a b 

or y — jr = m 

and _-asi^. 

a b 

The second equation is not affected by changing the sign, 
and it ought not to be so, since it expresses only me equafity of 
the times. 

The first equation becomes y — ar ss m, instead of * — « 
«» m, which shows that tbe point where th^ are together is 
nearer to A than to B, by the distance from A to B. It nmst 
therefore be on the other side of A, as at B. 

E A B C D 
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The emneiation of tbe qoettiba ini^ be ebngedt in t»o ihays 
so as to answer the conditions of this e<}uation« 

Fint, we nrajr supjiose^ that the eouners, settk^ out firam A 
and B, instead of going towards D, go in the opposite direction, 
die one fiom A at 4 ouks pet bcHr, and (be other from Bet 8 
miles per hour; at what distance from the points A anti B is the 
point E, where they come together? . . , 

Or we may suppose that two couriers setting out from the 
same pkce E, one travelling at the rate of 4 miles, and the other 
8 per hour, have arrived at the same time at the pemts A and* B, 
which are m miles asunder. What distance are the points A and 
BfiewkS? 



Suppose 


a=fii 


ran 


am avi^ am. 


Then 




■ a — h a — a 




bm 6 fK am 

y 

a, — b a — a 





How is this result to he kioerpreted?. ^ 

Observe that in this case a and h being equal, the two couriers 
tcavel eqoal^ ficBt, i% is therefore impossible that one should ever 
overtake the other, however far th^ may tvavd in either dtreo*- 
tion, and no change in the conditions can make it possible. Zero 
being divisor, then, is a sign of impossibtHty. 

We myr observe that when there is any difierencc, however 
small, between a and 6, the values of x and y will be real, and 
the couriere will come together in one dixectioii or the other; 
and the smaller the difference, the greater will be the distance 
travelled before they come together; that is, the greater will be 
the values of x and y. 

Suppose a a= 5 and 6 = 4, a — • ft s=± l, 

. 5ni.^ 4m, 

then, X =3 — = 5 m y = — = 4 m. 

Again, Suppose 0,= 5, and 6 = 4' 6, a — 6=b*6, 

then X = — = 10 m y == — - — =s 9 m. 

•5 ^ -5 



^ 
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Agab, Suppose a =: 5, and i ts 4 - 989 a -^ fc ss • 02, 

theo »«s — . = 250m, and i/»? -X — = 249m 

•02 ^ 02 

■ • 

Again, Suppose tf »; 5 and ( s^ 4 • 998, a — b sc* 002, 

then X = =t= 2600 m. 

•002 

and y = lig21? = 2499«. 

^ 002 

Here observe, that as the difference between a and b becomea 
very small, the values of x and y become very large, and the 
difference between them is always m. Hence, since the smaller 
the divisor the larger the quotient, we may conclude, that when 
the divisor is actually zero, the quotient must be infinite. From 

this consideration, mathematicians have called the expresssion — , 

that is, a quantity divided by zero, a symbol of infinity. They 
therefore say, that, both couriers travelling equally fast, the dis- 
tance, travelled before they come together, is infinite. But as 
infinity is an impossible quantity, I prefer the term imposrible, as 
4>eing a term more easily comprehended. I shall therefore call 

— a symbol of impossibilUy. 

If a quantity be divided by^an infinite or impossibh quantidr, 
tbe quotient will be zero. If 6 be divided by — , it becomes — • 

Multiply both numerator and denominator by 0, it becomes 

— — s=8 0. In fact, since the larger the divisor, the smaller 
o 

the quotient, the dividend remaming the same, it follows that 

if the divisor surpasses any assignable quantity, the quotient 

must be smaller than an ass^nable quanti^, or nothing. 

One case more deserves our notice. It is when a=ft and 
m an 0; m which case we have 
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am « X 

a — b 

— ^^ _ fr X _ 

^~a — 6~ ~0* 
If we return to the equations themselves, the^ beconae 

X — y = 
X y 

a a 
]?KM» the fii»l we fanra 

Sigdbsdhxting this rahie m the second 

y _ y 

*■ ^^"^ "~^ • 

a a 

This last equation has both its members alike, and is somevAnen^ 

coUed an uletUieal eqimtion* The values of the unkiKMva quaoti- 

ties cannot be ctetecmined from it. lo fact, since m is zero,, both; 

couriecs set out from the same pointi And since the^ both tr^e^ 

at the same rate, they are always together. Therefore there is 

no point where thej^ ean be said to come tegether. The expres- 

' . ' .... 

sion — is here an expression of an indlbthrminate quantity. 

There are some cases where an expression of this kind is ao^ 
a sign of an indeterminate quantity, but in these cases it ariseft; 
from a factor being common to the numerator and denominator, 
which b]!»some suppositions becoines zero, and renders^ the fric- 
tion of the form of — ; but being freed from that factor, it has a 

determinate value. 

The following expression is an example of it. 

o(>— 6^) 
6 (a — 6) ' 

When a = 6, this expression becomes — . But both numera* 
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tor and denomioator contain tbe fiKMor a — ft, which becomes 
sero when a and ft are equal. 

Dividbg by a -^ ft, the expression becomes 

ojo-j-ft) ^ 

ft 
which is equal to 2 a when a = ft. 

It is necessary then, when we find an expression of the form 
— , before pronouncing it an indeterminate quantity, to see if 

there is not a factor, common to the numerator and denominator, 
which, becoming zero, renders the expression of this form. 

The example of the couriers furnishes some other curious 
cases, for which we must refer the learner to Lacroix's or Bour- 
don's Algebra. 

Let the learner examme the foDowbg examples in a similar 



In Art. IX. examples 15 and 16, the following formulas, relat- 
or to interest, were obtained. How are r and t to be interpreted, 
when p is greater than a; and how when a and p are equtu^ 

a — p ^ a — p 
r== i, «= 1, 

tp rp 

In Art. XXII. examples 12th and 13th, the following formuhs 
were obtained. In what coses will the results become negativoy 
and how are ^e negative results to be interpreted? 

12th. Numerator ''^^'" + '') 

m q — np 

Denominator \P'i'") 

tnq — np) 

13th. Numerator IPJULtl^ ' 

np — mq 

Denominator — v " ' "/ , 

np — mq 
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It is required to divide a given number a into two such parts, 
that ir r times one part be added to e times the other part, the 
sum win be a ^en number h. 

h — aa 

Jlns. The jart to be multiplied by r is • , 

a T — h 
and the part to be multiplied by » is . 

In what cases will one or both of these results be negative? 
Can both be negative at the same time? How are the negative 
results to be interpreted? In what cases will either of them be* 
come zero? Can both become zero at the same time? What is 
to be understood when one or both become zero? In what cases, 
will one or both become infinite or impossible? Can either of 

them ever be of the form — ? 



XXYII. 'EqaaAo/M of the Second Degree. 

1 . A boy being asked how many chickens he had, answered, 
that if the number were multiplied by four times itself, the pro- 
duct would be 256. How many bad he? 

Let or = the number, 

then 4x z=z four times the number. 

4 a: X a? = 4 «* 

By the conditions 4 x' = 256 

a:» = 64 

That is a:ar = 64. 

This equation is essentially difierent from any which we hate 
hitherto seen. 

It is called an equation of the second degree, because it con« 
tains a:', or the second power of the unknown quantity. In order 
to find ttie value of x, it is necessary to find wnat number, muhi- 
plied by itself, will produce 64. We know immediately by the 
table of Pythagoras that 8 X 8 = 64* Therefore 

X =szS. Jlns, 8 chickens* 

Mte. The results of these equations may be proved like those 
of the first degree. ^ 
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ft, A hoy being asked Yob age, answered, ibat if it w«re laidti- 
piM -kjr itsirif, and fr<HB tbe product 37 were subtiaded, and t&e 
remainder multiplied by his age, tbe product would be IS tioMS 
his age. What was hia age? 

X X X =.«* {x* — 37) ar « 0?* — »f. 

By the conditions 

x^ — 37 a? =s 12 a?. 
Dividing by z, 

0?' — 37 = 12 

ar sss 7 .10 fir. 7 years. 

3. There are two numbers in the proportion of 6 to 4, and 
tlie difference of whose second powers is 9. What are the num- 
bers? 

Let X ss= the larger number, 

then — Bsa tbe smaller. 
5 

. Tbe second power of — is . 

16 a:' 
By the conditions z* = 9. 

^ 25 

4. There are two numbers whose sum is to the less in the 
proportion of 15 to 4, and whose sura multiplied by the less pro- 
duces 135. What are the numbers? 

Let X ss the less, and y =^ the greater. 

' ^ 4 
wd r(« + y) = 135. 

" The second gives y === . 

Putting this value of y into the first, it becomes 
^ , 135 — a:* 15a? . 
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Hence it appears, that when an example uivolves the second 
power of the unknown quantity, the value of the second power 
must first be found in the same manner as the unknown quantity 
is found in simple equations; and irom the value of the second 
power, the value of the first power is derived. 

It is easy to find the second power of any quantity, when the 
first power is known, because it is done by multiplication; but it 
is not so easy to find the first power from the second. It cannot 
be done by division, because there is no divisor given. When 
the number is the second poM^er of a small number, the first pow- 
er is easily found by trial, as in the above examples. When the 
number is large, it is still found by trial; but a rule may be very 
easily found, by which the number of trials will be reduced to 
very few. The first power is called the root of the second pow- 
er, aad when it is required to find the first power firom the second, 
the process is called extracting the root. 

It has been sl;iown. Art. XXIY. that the second power of 
every quantity, whether positive or negative, is necessarily posi- 
tive; thus 3 X 3 == + 9, and also — 3 X — 3 == + 9. So 
a X fl = «*, and also — aX — a=^a^. Hence every second 
power, properly speaking, has two roots, the one positive and 
the other negative. The conditions of the question will gene- 
rally show which is the true answer. 

XXYIII. Extraction of the Second Root. 

In order to find a nile for extracting the root, or finding the 
first powor from the second, it will be necessary, first, to observe 
how the second power is formed firom the first. 

Let a = 20 and ft = 7; then a + * = 27. 

The seconjl power of a + * is 

(a + i) (a + i)=a» + 2o6 + &« 

a' = 20 X 20 = 400 
a ft = 20 X 7 = 140 . 
aft = 20X 7 = 140 

ft» = 7 X 7 = 49 
a* + 2aft + 6' = 729. . 

' 12 
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The product is formed in precisely the same manner m the 
usual mode of multiplication, as may be seen, if the products are 
written down as they are formed, without carrying. 

27 
27 



49 
140 
140 
400 



729 

Here we observe, 7 times 7 is 49, 7 times 20 is 140, 20 
times 7 is 140, and lastly 20 times 20 is 400. These added 
together make 729, which is the second power •f 27. 

We observe, 

1st. When the root or first power consists of two figures, the 
second power consists of the second power of the tens, plus the 
product of twice the tens by the units, plus the second power of 
the units. 

2d. The second power of 9, the largest number consisting of 
one figure, is 81 ; and the second power of 10, the smallest num- 
ber consisting of two places, is 100; and the second power of 
100, the smallest number consisting of three places, is 10000. 
Hence, when the root consists of one figure, the second power 
cannot exceed two figures; and when the root consists of twd 
figures, the second power consists of not less than three figures, 
nor more than four figures. 

From these remarks it appears, that we must first endeavor to 
find the second power of the tens, and that it will be found among 
the hundreds and thousands. 

L«t it be required to find the root of 729. This number con- 
tains hundreds, therefore the root will contain tens. The se- 
cond power of the tens is contained in the 700. 20 X 20 is 
400, and 30 X 30 is 900. 400 is the greatest second power 
of tens contained in 700. The root of 400 is 20. Subtract 
400 fi-om 729, and the remainder is 329. This must contain 
B a 6 + 6*, that is, the product of twice the tens by the units, 
plus the second power of the units. If it contained exactly the' 
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product 2 a & of twice the tens by the units, the units of the root 
would be found by dividing 329 by twice 20, or 40; for 2 a i 
divided by 2 a gives 6. As it is, if we divide by twice 20 or 
40, we shall obtain a quotient either exact, or too large by 1 or 
2. 40 is contained in 329, 8 times. Write 8 in the root and 
raise the whole to the second power. 28 X 28 = 784, which 
18 larger than 729. Next try 7 in the place of 8. 27 X 27 = 
729. Therefore 7 is right, and' 27 is the root required. 

The operation may stand as follows. * 

729 (20 + 7 = 27 root. 
400 



329 (40 divisor. 
27 X 27 =^ 729. 

What b the root of 1849.^ 

18,49 (40 + 3 = 43 root. 
16,00 



249 (80 divisor. 
43 X 43 = 1849. 

In this example, the second power of the tens will be found in 
the 1800. 30 X 30 = 900; 40 X 40 = 1600; 50 X 60 = 
2500. The greatest second power in 1800 is 1600, the root of 
which is 40. Write 40 in the place of a quotient. Subtract . 
1600 from 1829. The remainder is 249, which divided by 
twice 40, or 80, gives 3. Add 3 to the root, and raise the 
whole to the second power. 43 X 43 ^ 1849. Therefore 
43 is the root required. 

It is evident that the result will not be affected, if instead of 
writing 40 in the root at first, we omit the zero, and then sub- 
tract the second power of 4, viz. 16 from the 18, omitting the 
two zeros which come under the other period. Then to form 
the divisor, the 4 may be doubled, and the divisor will be 8;in« 
stead of 80, and the dividend must be 24, the right hand figure 
being rejected. 
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Op$raHon. 

18,49 (43 root. 
16 



Dividend ss 24,9 (8 divisor. 
43 X 43 « 18 49. 

ExampUi, 

1. What is the root of 1444? Jln$. 88. 

2. What is the root of 7396? 

3. What is the root of 361 ? 

4. What is the root of 3249? 
6. What is the root of 7921 ? 
6. What is the root of 8281? 

The second power of a + * + c, or (a -f- i + c) (a+ 6 -f" 

;Bo* + 2a6-f-6* + 2ac + 26c + c*=. 

a« + 2a6 + y + 2 (a + 6) c + c«. 

To find the second power of 726 
Let a =B 700, i = 20, and c t= 6. 

iiP a= 700 X 700 ^ 490000 

2 a ft = 2 X 700 X 20 == 28000 

6»= 20X20 = 400 

2(aH-i)c = 2 X (700+20) X6 = 8640 

c* s*= 6X6 a« 36 



■^-«B 



527076 



726 
726 

4356 
1452 
5082 

627076 
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The first three terms of the formula, viz: 

a* + 2 a 6 + 6% 

are the second power i^ a'-\-b or of the hundreds and tens, viz. 
720. The second power of 720 can have no significant figure 
below hundreds, and the significant figures of the second power 
of 720 and of 72 are the same; the former is 518400, the latter 
5184. If firom the whole number 527076 the two right hand 
figures be rejected, the number is 5270. This contains the 
second power of 72 and something more, viz. a part of the 
product 2 X (700 + 20) X 6 =?= 2 (a + fc| c. 

The method of procedure then, is to find the largest root con- 
tained in 5270. The first three terms of the above formula, viz. 
a* •>{- 2 a ( -f~ fr', show, that this is to be found by the' method 
given above for finding a root consisting of two figures. 

52,70 (72 
49 



37,0 (14 
72 X 72 = 51,84 



86 

The root is 72, and the remainder is 86. .Annex to this die 
two figures rejected above, and it becomes 8676. This contain 
2 (a 4- i) c 4" «'; that is, 

2 X 720 X c + e\ 

If 8676 be divided by 2 X 720 = 1440, the quotient will be 
either c or a number larger by I or 2. The zero on the right 
of 1440, and the right hand figure in the dividend may be omitted 
without afiTecting the quotient. The quotient is 6. Put 6 into 
the root and raise the whole to the second power. 

726 X 726 =s= 527076 

12* 



f • 
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Operation* 

M,70,76 (726 = root. 
49 



isf cGvidend 37,0 (14 = 1st iKvisor. 

72 X 72 = 61,84 

2d dividend = 867,6 (144 == 2d divisor. 
- 726 X 726 ::= 627,076. 

There is, however, a method, which wiU save considerable 
labor in multiplying. 

In the last example, for instance, having found the second 
figure of the root 2, instead of raising the whole 72 to the second 
r power, we may abridge it very mueh by observing, that the 

\ second power of the 70, answering to a*«m the formula, has 

already been found and subtracted; therefore it only remains to 
find 2ab -\-' b*y and subtract it also. But the 140 is 2 a, and 
the figure 2 found for th^root answers, to 6; tlierefore if we add 
2 to 140, it becomes 142 = 2 a -j- (. If this be now multi- 
plied by 2 or b, it becomes 

2 X 142 = 284 = 2 (I ft + b\ 

This completes the second power of 72, which, subtracted fi!^m* 
370^ leaves 86 as before. 

Prepare as before, and find the third figure of the root. Ob- 
serve that the 2d power of 720 or a* + 2 « 6 + *' h^ already 
been found and subtracted; it only remain^ to find the other parts, 
VIZ. 2 (a -f- ft) c + c'. The divisor 1440 answers to 2 (a-|- ft). 
Add 6, the figure of the root just found, to this, and it becomes 
1446, answering to 2 (a + ft) + c. If this be multiplied by 6, 
It becomes 1446 X 6 =8676 = 2 (a + ft) c + c'. This com- 
pletes the second po#er of 726, which, subtracted fi:om 8676, 
the number remainmg in the work, leaves nothing. 
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Operation^ 

52,70,76, (726 root. 
49 



f St dividend 970 14 1st divisor. 

284 142 1st moltq^and. 

2d dividend 8676 144 2d divisor 

8676 1446 2d mdtipHcaQd. 



'!■ ' 



00 

The sdme principle will apply when the root consists of aof 
tiomber of figares whatever. 

What is the root of 533837732164? 

In the first place I observe that the second power of the tens 
can have no significant figure below hundreds, therefore the two 
right hand figures may be rejected for the present. Also the 
second power of the hundreds can have no significant figure 
below tens of thousands, dierefore the next two may be rejected. 
For a similar reason the next two may be rejected. In this 
manner they may all be rejected two by two until only one or 
two remain. Begin by finding the root of tliese, and proceed as 
above. 

Operation. 

53,38,37,73,21 ,«4 (730643 
49 



43,'8 (143 
42 9 



93;7 (1460 

9377,3 (14606 
8763 6 

613 72,1 (146124 
584 49 6 



29 22 564 (14G1282 
29 22 564. 
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After separating the figures two by two, as explained above, I 
find the greatest second power b the left band division. It is 
49, the root of which is 7. I subtract 49 firom 53, and bring 
down tbe next two figures, which makes 438. Now considerbg 
the 7 as tens, I proceed as if I were finding the root of 5338; 
that is, I double the 7, which makes 14 for a divisor, and see 
bow many times it is contained in 43, rejecting the 8 on the 
right. I find 3 times. I write 3 in the root at the right of 
7, and also at the right of 14. I multiply 143 by 3, and subtract 
the product fit>m 438. I then bring down the next two figures, 
which make 937. I double 73, or, which is the same thing, I 
double the 3 in 143; for the 7 was doubled to find 14. This 
gyves 146 for a divisor. I seek how many times 146 is con* 
tained in 93, rejecting the 7 on the right, as before. I find it is * 
not contained at all. I write zero in the root, and also at the 
right of 146. I then bring down the next two figures. I seek 
how many times 1460 is contained in 9377, rejecting tbe 3 on 
the right. I find 6 times. I write 6 in the root, and at the right 
of 1460, and multiply 14606 by 6, and subtract the product Stom 
93773. I then bring down the next two figures, and double the 
right hand figure of the last multiplicand, and proceed as. before; 
and so on, till all the figures are brought do^vn. The doubling 
of the right hand figure of the last multiplicand, is always eqmv- 
alent to doubling tbe root as far as it is found. 

From the above examples, we derive the following rule for 
extracting tbe second root. 

1st. Beginning at the right ^ separate the number into parts of 
two figures each. The left hand part may consist of one or two 
figures. 

2d. Find the greatest second potoer in the left hand party and 
write its root as a quotient in division Subtract the second pow^ 
er from the left hand part. 

3d. Bring doten the two next figures at the right of the re- 
mainder. Double the root already found for a divisor. See 
how many times the divisor is contained in the dividend rejecting 
the right hand figure. Write tlie result in the root^ at the right 
of the figure previously foundy and also at the right of the divisor. 

4th. Multiply the divisor ^ thus augmented^ by the last figure 
of the rooty and subtract the product from the whole dividend* 
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5tb. Bring down the next tieo figures us before^ to form a new 
dtndetkl, and double the root already founds for a divisor^ and 
proceed as before. The root will be doubled^ if the right hand 
figure of the last divisor be doubled. 

If k faajipeDS that the divisor is not cootained in the dividend 
vrbma the right hand figure is rejected, a zero must be written 
in the root, and also at the right of tiie divisor; and the next 
figures must be brought down, and then a new trial made. 

If it happens that the figure annexed to the root is too smaU, 
it majr be dkcovered as follows. 

The second power of a + 1 is a' + 2 a + 1. 

That is, if we have the second power of any number, the 
second power of a number larger by 1 , is found by multipijriug 
tbe first number by 2^ increasing the product by 1 , and adding it 
to the power. For example, the second power of 10 is 100; 
tbe second power of 11 is 100 .+ 2 X 10 -f 1 = 121. The 
second power of 12 is 121 + 2 X 11 + 1 = 144, &c. 

If then the remainder, after subtraction, is equal to twice the 
mot already found plus 1, or greater, the last figure of the root 
rtiust be increased bv 1. 

In the last example, the first dividend was 43,8 and the divi* 
6or 14; the figure put in the root was 3, and the remainder was 
9. If 2 instead of 3 had be^ put in the root, the remainder 
would have been 154, which is considerably larger than twice 
7^, and would have shown, that the figure should be 3 instead oi 
2. 

There are many numbers, of which the root cannot be exactly 
ass^ned in whole or mixed numbers. Thus 2, 3, 5, 6, 7, have 
DO assignable roots. That is, no number can be found, which, 
multiplied into itself, shall produce either of these numbers. 
This is the case with all whole numbers, which have not an ex- 
act root in whole numbers. 

This may be proved, but the demonstration is so difiicalt, that 
few learners would comprehend it at this stage of their progress* 
The proof may be found in Lacroix's Algebra. The learner, 
however, may easily satisfy himself by trial. We shall soon 
find a method of approximating the roots of these numbers, suffi- 
ciently near for all purposes. 
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XXIX. Extraction of the second Root of Fractions, 

Fractions are multiplied together by multiplying their nume- 
rators together, and tneir denominators together. Hence the 
second power of a fraction is found by muhiplying the nume- 
rator into itself^ and the denominate into itself; thus the second 

power of f is { X J = A • The second power of -- fa ~ X -r- 

b b 

a* 
= ■— . Hence the root of a fraction is found by extractbg the 

robt of the numerator, and of the denominator; thus the root of 

« is I. 

If either the numerator or denominator has no exact root, the 

root of the fraction cannot be found exactly. Thus the root of 
f{ is between f and { or 1. It is nearest to { . 

. The denominator of a fraction may always be rendered a per- 
fect second power, so that its root may be found; and for the 
numerator, tne number which is nearest to the root must bcf 
taken. Suppose it is required to find the root of |. ^ If both 
terms of the fraction be multiplied by 5, the value of the fraction 
will not be altered, and the denominator will be a perfect second 
power, 

! = ». 

The root is nearest | . This is exact, within less than | . 

If it is necessary to have the root more exactly; after the frac- 
tion has been prepared by multiplying both its terms by the 
denominator, we may again multiply both its terms by some 
number that is a perfect second power. The larger this number, 
the more exact the result will generally be. 

3 15 

I 5J' 

If both terms be multiplied by 144, whic)i is the second power 
of 12, it becomes fijg, the root of which is nearest to^. This 
is the true root within less than j^. 

We may approximate in this way the roots of whole numbers, 
whose roots cannot be exactly assigned. 

If it is required to find the root of ^ we may change it to a 
firaction, whose denominator is a perfect second power. 

2 = 18. 



/ 



XXIX. Extraction of iht Second fy>ot of Fractions. 143 



2. 


What 


3. 


What 


4. 


What 


5. 


What 


6. 


What 


7. 


What 


8. 


What 


9. 


What 


10. 


What 


11. 


What 



The root of ||| is nearest to f| = 1 /, . This diHers from the 
true root by a quantity less than ^ . If greater exactness is re- 
quired, a number larger than 144 may be used. 

1. What is the root of i%? Ans. fg. 

is the root of {j}? 
is the root of ISJJJ = "^i 
Is the root of 28 i|{? 
is the approximate root of \} 
is the approximate root of |{? 
is the approximate root of 3f ? 
is the approximate root of 17i\? 
is the approximate foot of 3? 
is the approximate root of 7? 
is the approximate root of 417? 

The most convenient numbers to multiply by, m order to 
approximate the root more nearly, are the second powers of 10, 
100, 1000, &c., which are 100, 10000, 1000000, &c. By this 
means, the results will be in decimals. 

To find the root of 2 for instance, first reduce it to hun- 
dredths. 

2 = fgg , the approximate root of which is }J = 1 .4. 

Again 2 = fjggg , the approximate root of which is JJJ = 1.41. 

Again, 2 = fggjggj , the approximate root of which is {^ =s 
1.414. 

In this way we may approximate the root with sufficient ac- 
curacy for every purpose. But we may observe, that at every 
approximation, two more zeros are annexed to the number. In 
fact, if one zero is annexed to the root, there must be two an- 
nexed to its power; for the second power of 10 is 100, that of 
100 is 10000, &c. 

This enables us to approximate the root by decimals, and 
we nony annex the zeros as we proceed in the work, always 
annexing two zeros for each new figure to be found in the root, 
in the same manner as two figures are brought down in whole' 
numbers. 
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Tb^ loot of '2 then tn^j be found as UHovrs. 
2 (1.41421, &c. root. 



10,0 (24 
96 

40,0 (281 
28 1 

1 1 90,0 (2824 
1129 6 



60 40,0 (28282 
56 56 4 



3 83 60,0 (282841 

2 82 84 1 



1 00 75 9 

12. What IS the approximate root of 28? 

13. What is the approximate root of 243? 

14. What is the approximate root of 270G8? 
15^ What is the approximate root of 243 g? 

OA'i 9 --— . 9/lQ 3T» 2433760 Z43375000 ' lr« 

. The approximate root of which is '/^Vo = 15.6, &c. 

But it is plain that this may be performed in the same manner 
aa the thove. For if the number 243375000 be prepared in the 
usual way, it stands thus; 2,43,37,50,00. Now 

'SoJSr = 243.375000. 

tf WB Ialk0 tins number and begb at the units and point towards 
the/ feftt Bj^ then towards the right in the same manner, th^ num- 
b^ ^iU >9 separated into the same parts, viz. 2,43.37,50,00. 
The root of this number may be extracted in the usual way, and 
contmued to any number of decunal places bv annexmg zeroa. 
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N. B. The decimal point must be placed in the root, > be- 
fore the first two decimals are used. Or the root must con-* 
tain one half as many decimal places as the power, counting 
the zeros which sure annexed. 

16. What is the approximate root of 213.53? 

17. What is the approximate root of 726| ? 

18. What is the approximate root of ITy^y ? 

19. What is the approximate root of 3|| ? 

20. What is the approximate root of | ? ^ i 

21. What is the approximate root of | ? 

22. What i$ the approximate root of j^t ' 

23. What is the approximate root of tttt • ' 

XXX. Questions producing pure Equations (f the Second 

Degree. 

• 

1. A mercer bought a piece of silk for £16. 4s. ; and the 
number of shillings which he paid per yard, was to the number 
of yards, as 4 to 9. How many yards did he buy, and what 
was the price of a yard f 

Let X = the numoar of shillings he pcud per yard* 

Q « 

Then — = the number of yarda 

_ *** 

The price of the whole will be — :- = 324 shillings. 

4 

««==:144 

jc = 12 

i£= 27. 
4 

• Ans. 27 yards, at 12s. per yard. 

2. A dtetbchment of ah nimy was marching in regular co^' 
lamn, with 5 ftien miore in depth than in front ; but upon, the 
enemy comii^ in sight, the fr<Hit was increased by 845 men ; 
and by this movement the detachment was drawn up in 5 lines. 
Required the number of men* 

13 
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Let a; = the number in front ; 

then a? + 5 = the number in depth ; 

a:* + 5 a? = the Whole number of men. 

Again x -|- 845 = the number in front after the movement ; 

And 6 a; + 4225 = the whole number. 

a;» + 5a?=5a? + 4225 
a? =4225 
a? = 65 

The number of men = 5 a? -|- 4225 = 4550. 

3. A piece of land containing 160 square rods, is called an 
acre of land. If it were square, what would be the length of 
one of its sides f 

Letx = one side.- 

02^=160 

X = 12.649 *+ 

Ans. The side is 12.649 4- rods. It cannot be found exactly, 
because 160 is not an exact 2d power. 

This is exact within less than t^Vv ^ ^ ^^' It might be 
carried to a greater degree of exactness if necessary. 

4. What is the side of a square field, contaming 17 acres i 

5. There is a field 144 rods long and 81 rods wide ; what 
would be tlie side of a square field, whose content is the same i 

6. A man wishes to make a cistern that shall contain 100 
gallons, 'or 23100 cubic inches, the bottom of which shall be 
square, and the height 3 feet. What must be the length of 
one side of the bottom ? 

7. A certain sum of money was divided every week amons 
the resident members of a corporation. It happsned one week 
that the number resident was the root of the number of dollars 
to be divided. Two men however coming into residence the 
week after, diminished the dividend of each of the former indi- 
viduals 1 \ dollars. What was the sum to be divided i 

Let 07 = the number of dollars to be divided ; 
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then x^ = the number of men resident, and also tlie sum 
each received. 

The root of oc is properly expressed by the fractional index 
J. For it has been observed, that when the same letter is 
found in two quantities which are to be multiplied together, 
tlie multiplication is performed, as respects that letter, by 

adding the exponents. Thus aXa = «*"*"*= a'; a:*X^ 

== a?* + ' = x^y &c. Applying the same rule ; if o?^ represents 

a root or first power, the second power or x^ X a?= a?^ "•" * 
= a?' or a?. 

The second power of a letter is formed from the first by 
multiplying its exponent by 2, because that is the same as 
adding the exponent to itself. Thus a^ x a^ = a^"^^ = a*>^* 
= a*. This fiirnishes us with a simple rule to find the root of 
a literal quantity ; which is, to divide its exponent by 2. 

Thus the root of a* is a^ =za} ; the root of a* = a^ = a*; the 



root of a* is a^ = a', &c. By the same. rule, the root of a* is 

X 3 5 n 

or ; the root of a' is aJ ; the root of a* is a' ; the root of a 

n 

is a?, &c. 

In the above example 
07 =: the number of dollars to be divided ; 

and x^ = the number of men resident; 

^ i a 1 

J _ _£- = a;^ = the number of dollars each received. 

X X 

a?* 4- 2 = the number of men the succeeding week ; 
--^ — = the number of dollars each received tlie latter week ; 

Hence by the conditions 

i 4 X 
x^ = — 

3 ^* + 2 
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«' a;^ — — + 2 x^ — _= or 
3 ^ 3 

X— if- + 2 «*,--?. =r a? 
3 ^ 3 

_i£?+2**-£ = o 

3 ^ 3 

3 ^ S 

— 4 «*+ 6a?* =8 

2«* =8 

»* =4 

«f* X a?* = ar* + * = a? = 4 X 4 = 16. 

. Ans. $16. 

Instead of making x = the number of dollars, we might 
make, 

a? = the number of dollars ; 

then X =r the number of men resident, Slc. 

Then we have 

4 _ a^ 



3 07 + 2 

3 ^ 3 

«^ — If +2ar — «•=£ 
3 ^ 3 



2«= 8 

0? = 4 

a?' = 16. 

«in<. $16, as before. 
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8. Two men, A and B, lay out some money on speculation. 
A disposes of his bargain for £11, and gains as much per cent^ 
as B lays out ; B's gain is £36, and it appears that A gains 
fbtir times as much per cent, as B. Required the capital of 
each. * . 

9. There is a rectangular field containing 360 square rods, 
and whose length is to its breadth as 8 to 5. Required the 
length and breadth. 

10. There are two square fields, the larger of which contains 
13941 square rods more than the smaller, and the proportion 
of their sides is as 15 to 8. Required the sides.^ 

11. There is a rectangular room, the sum of whose length 
and breadth is to their difference as 8 to 1 ; if the room were 
Ti square whose side is equal to the length, it would ccmtain 
128 square feet more than it would, if it were only equal to the 
breadth. Required the length and breadth of the room. 

12. There is a rectangular field, whose length is to its 
breadth in the proportion of 6 to 5. A part of this, equal to -J 
of the whole, being planiedj there remain for ploughing 625 
square yards. What are the dimensions of the field f 

13. A charitable person distributed a certain sum amongst 
some poor men and women, the number of whom were in, the 
proportion of 4 to 5. Each man received one third as many 
shillings as there were persons relieved ; and each womai;i to- 
ceived twice as many shillings as there were women more than 
men. The men received all together 18s. more than the wo- 
men. How many were there of each ? 

14. A man purchased a field whose length was to the 
breadth as 8 to 5. The number of dollars paid per acre was 
equal to the number of rods in the length of the field ; and ih% 
number of dollars given for the whole, was equal to 13 tioi^ 
the number of rods round the. field. Required the length and 
breadth of the field. 

15. There is a stack of hay whose length is to its breadth as 
5 to 4, and whose height is to its breadth as 7 to 8. It is worth 
as many cents per cubic foot as it is feet in breadth ; and the 
whole is worth, at that ratq, 224 times as many cents as there 
are square feet on the bottom. Required the dimensions of 
the stack. 

13* 
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> 16. There is a field containiiq; 108 sqottre rods, and the 
sum of the length and breadth is equal to twice the difference. 
Required the length and breadth. 

17. There are two numbers whose product is 144, and the 
quotient of the greater by the less is 16. What are the num- 
bers i 

XXXI. QiieatiQnB producing Pure EquaHons of Hie Third 

Degree. 

1. A number of boys set out to rob an orchard, each carry- 
mm as many bags as there were boys in all, and each ba£ ca- 
«uote of containing 8 times as manr apples as there were bo vs. 
They filled their bags, and found the whole number of apples 
was 1000. How many boys were there i • 

Let X = the number of boys ; 
then X X x=za^ = the number of bags; 
and 8« X ^ = 8 ^' = the number of apples. 
By the conditions 

8a?' =1000 
«'= 125 
or XXX =. 125. 

In this equation, the unknown quantity is raised to the third 
power ; and on this account is called an equation jaf the third 
degree. 

In order to find the value of j? in this equation, it is neccssa-; 

Sr to find what number multiplied twice by itself will make 125, 
y a few trials we find that 5 is the number ; for 

5 X 5 X 5 = 125 

therefore x = 6. Am. 6 boys. 

2. Some gentlemen njade an excursion ; and every one took 
the same sum of money. Each gentleman had as many ser- 
vants attending him as there were gentlemen ; and the num- 
ber of dollars which each had, was double the number of all 
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the servants ; and the whole sum of money taken out was 
$1458. How many gentlemen were there ? 

Am. 9 gentlemen. 

3. A poulterer bought a certain number of fowls. The first 
year each fowl had a number of chickens equ^ to the origmal 
number of fowls. He then sold the old ones. The next year 
each of the young ones had a number of chickens equal to 
once and one half the number which he first bought. The 
whole number of chickens the second year was 768. What 
was the number of fowls purchased at first } 

It appears that in equations of the third degree^ as in those 
of the second degree, the power of th^ unknown quantity must 
first be separated fi'om the known quantities^ and made to stand 
alone in one member of the equation, by the same rules as the 
unknown (juantity itself is separated in simple equations. 
When this is done, the first power or the root must be found, 
and the work is finished. 

Extraction of the Third Root. 

The third power of a quantity is easily found by multiplica- 
tion, but to return firom the power to the root, is not so easy. 
It must be done by trial, in a manner analogous to that em- 
ployed for the root of the second power. 

We shall hereafter have occasion to speak of the root of the 
fourth power, of the fifth power, &c. In order to distinguish 
thcni the more readily, we shall call the root of the second 
power, the seamd root of the quantity ; that of the third power, 
the third root, that of the fourth power, theybi^r^A rpot, &c. To 
preserve the analogy, we shall sometimes call the root of the 
first power, the frst root. 

N»B. The first power, and the first root, are the same 
thing, and the same as the quantity itself. 

It always has been, and is still the practice of mathemati-* 
cians, to call the second root the square root, and the third 
root the cube root, and sometimes, though not so universally, 
the fourth root the bt-quadrate root. *But as these terms are 
unappropriate, they will not be used in this treatise. 

When the root consists of but one figure, it must be found 
by trial. When the root consists of more than one place, it 
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most Btill be found by trial, but rules may be made, which will 
reduce the number of trials to very few, as has been done 
above for the second root. - -n 

In order to find the rules for extracting the third root, it will 
be necessary to observe how the third power is formed fi^m the 
first, when the first consists of several figures. 

Let a = 30 and 6 = 6 ; then a + i = 35. 

(a + i)' = a' + 3a*6 + 3a 6' + b\ Art. XIII. 

a* = 30 X 30 X 30 = 27000 

3a«ft= 3X 30X 30X 5 =13600 

3aV=z 3X30X 5x5 = 2250 

6» = 5 X 5 X 5 = 125 

42875 

Hence it appears, that the third power of a number consist- 
ing of units and tens, contains the third power of tlie tens, 
plus three times the second power of the tens multiplied by the 
units, plus three times the tens multiplied by the second power 
of the units, plus die third power of the units. 

Farther, the third power of 10, yfMch is the smallest number 
with two places, is 1000, w;hich consists of four places; and 
the third power of 100, is 1000000, which consists of seven 
places. Hence the third power of tens will never be less than 
1000, nor so much as 1000000. " • 

If, therefore, there are tens in the root, their power will not 
be found below the fourth place ; and if the root consists of 
tens without units, there will be no significant figure below 
1000. 

To trace back again the number 42875, the root of the tens 
will be found in the 42000, and this must be found by trial. 

30 X 30 X 30 = 27000, and 40 X 40 X 40 = 64000. 

The largest third power m 42000 is 27000, the root of which 
is 30. Now 1 subtract 27000 from 42875, and the remainder 
is 15875, which contains th^ product of three times the second 
power of tlie tens by the units, plus, &c. If it contained ex- 
actly three times the second power of the tens multiplied by 
the units, the units of tlie root would be found immediately by 
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dividing diis remainder by tfiree times the sefsond power of the 
tens ; for 3 a* 6 divided by 3 a* gives b. As the other parts 
however will always be small in comparison with this, if we 
divide the remainder by three times the second power of the 
tens, we shall be able to jud^ very nearly what is tbe root, 
and tbe number of trials will be limited to very few. 

30 X 30 = 900, and 900 x 3 = 2700 and 15875 divided by 
2700 gives 5. I now add tlie 5 to the root and it becomes 35. 
To see if this is right, I raise 35 to the third power* 35 X 35 
X 35 = 42875, therefore 35 is the true root 

""4. What is the third root of 79507 ? 

/ 

Operation. 

79,507 (40 + 3 = 43 root. 
64,000 



15,507 (40 X 40 X 3 5= 4800*divisor. 
43 X 43 X 43 1= 79,507. ^ 

As the nmnber consists of five places, the power of the tens 
must be sought in the 79000. 

The ^eatest third power in 79000 is 54000, the root of which 
is 40. I subtract 64000 from 79507 and there remains 15507, 
which I divide by three times the second power of 40, viz. 
4800, and obtain a quotient 3, which I add to 40l I raise 43 
to the third power, and find that it gives 79507. If it produced 
a number larger or smaller, I should put a conaller or larger 
nmnber in place of 3 and tiy it again. 

5. What is the third root of 357911 i" 

6. What is the third root of 5632 f 

7. What is the thiid root of 941 19S ? 

8. What is the third root of 34965783 ? 

It was observed above, that the third power of 10 is 1000 , 
the third power of 100 is 1000000 ; that of 1000 is 1000000000, 
&c. That is, the third power of a number consisting of one 
figure cannot exceed three places ; that of a number consist- 
ing of two places cannot contain less than 4 places nor more 
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tiian 6 ; that of 3 places cannot contain less than 7 nor more 
than 9 places, Slc. 

Hence we may know immediately of how many places the 
third root of any given number will consist, by beginning at 
the right and separating the number into parts of 3 places 
each. The left hand part will not always contain 3 places. 

In the present instance, the number 34,965,783, thus divided 
consists of three parts, therefore the root will contain 3 places 
or figures. 

In the fomula (« + 6)' = a* + 3a»6 -f 3 at* + h\ if we 
consider a as representing the hundreds ,of the root, and b the 
tens and units, we observe that the third power consists of the 
third power of the hundreds, plus 3 times the second power of 
the hundreds, multiplied by the units and tens, <&c. 

Hence we ^all find the hundreds of the root by finding the 
highest third power contained in the 34,000,000, and taking its 
root. 

The largest third power is 27,000,000, the root of which is 
300. ' Subtracting 27,000,000 fi-em the whole sum, the remain- 
der is 7,965,783. If this contained exactly 3 a' 6, that is, 3 
times the second power of the hundreds by the tens and units, 
the other two figures of the root mi^ht be found immediately 
by division. As it is, it is evident, that it will enable us to 
judge very nearly what the next figure, or tens, of the root 
must be, and its correctness must be proved by trial. 

300 X 300 X 3 = 270000. 

7,965,783 divided by 270000 gives for the first .figure of the 
quotient 2, which being the tens is 20. This added to the root 
already found makes 320. 

If in the above fonnula, we consider a as representing the 
hundreds and tens instead of the hundreds ; and h as repre- 
senting the units ; it shows us that the power contains the third 
power of the hundreds and tens, plui^ 3 times the second power 
of the hundreds and tens multiplied by the units, &c. In the 
present instance a = 320. If now we subtract the third power 
of 320 from the whole sum, viz. 34,965,783, and divide the re- 
mainder by 3 times the second power of 320, we shall find the 
other fimve, or units, of the root. When we have raised 320 
to the miiA power, we can ascertain whether the second figure, 
2 is right 
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SSfD X 320 X 320 r= 32768000. 

This subtracted from 34965783 leaves 2197783. 

380 X 320 X 3 = 307200. 

21 97783 being divided by 307200 gives a quotient 7. This 
added to 320 gives 327 for the root. 

327 X 327 X 327 = 34,965,783. 

Therefore the result is correct. 

If the root consists of four or more places, the same mode 
of reasoning may be pursued by makmg a first equal to the 
highest figure in the root, and b equal to all below, until the 
second figure of the root is obtained, and then making a equal 
to the two figures already obtained, and b equal to the rest, 
and sc^ on. 

The work may be considerably abridged by omitting the 
zeros in the work, and also the numbers under which they fall. 

The work of the above example will stand thus. 

Root. 

34,965,783 (300 + 20 + 7 = 327. 

— 27,000,000 3d power of 300 

1 St divid. 7,965,783 (270,000 ^ 3 Jp'^x sJJ) ^q 

— 32,768,000 3d power of 320 

2d divid. 2,197,78^ (307,200 | Iso'x^ 320 xl 

34,965,783 c= 3d power of 327. 

The same without the zeros. 

34,965,783 (327 
^ power of 3 27 * 

1st dividend 7,9 (27 1st divisor s= 8» X 3 

3d power of 32 32 768 

2d dividend 2197,7 (3072 i-^mvZt 

34,965,783. ( _ (32) X 3 
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As the third power of handreds can have no significant 
figure below 1000000, and as the third power of 300 and 3 
have the sE^me significant figures, I raise 3 to the 3d power 
and subtract it from 34, as if it stood alone. Then, to form 
the divisor, hundreds are multiplied by hundreds, therefore 
there can be no significant figure below 10000. And it being 
the tens of the root that are to be found, it is sufficient to 
bring down one figure of the next period to form the dividend. 

Having found the second figure of the root, I raise 32 to the 
third power, and subtract it from 34,965, omitting the last pe- 
riod, because the third power of the tens can have no signifi* 
cant fig'ire below 1 000. 

To form the second divisor I multiply the second power of 
32 by 3. For the dividend, it is suflfcient to bring down one 
figure of the last period to the right of the remainder, because 
the divisor, being tens, multiplied by tens, can have no signifi- 
cant figure below 100. 

JSTote, The second power of the 32 was found in finding its 

third power. 

If it happens that .the divisor is not contained in the dividend, 
a zero must be put in the root, and then the next figure must 
-ie brought down to form the dividend. 

Hence we obtain the following rule for finding the third 
:oot. 

Prepare the nuinher by beginning at the right and separating it 
into parts or periods of three figures each^ putting a comina or 
point between* The Irft hand period may consist of one, two, or 
three figures. 

Find the greatest third power in the left, hand period, and write 
the root in the place of a quotient. Smtract the power from the 
period. To the remainder bring down the first figure of the next 
period^or a dividend. Mxdtiply the second power of the root 
already found by three, to foim a divj^or. See how many times 
the divisor is contained in me dividend, and tmite the resuH in the 
root. Raise the root, thus augmented, to the third power. If this 
is greater than the first two periods, diminish the quotient by one or 
more, until you obtain a third power, which may be subtracted fron^ 
the first two periods. Perform the subtraction, and to the right of 
th£ remainder bring down the first figure of the next period to 
form a dimdend and divide it by three times the second power of 
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the two figwres 9f ike r^oij and writt the quotient in ^ root. 
Then raise the whole root so fowiiy to the thrd potjoer; and if it 
u not too lar^ej subtract it from the first three periods ; if it'is too 
large J dimtntsh the root asoefore. To the remainder bring daum 
the first figure of the fourth period, and perform the same series 
of operations as btfore* 

f at any time %t should happen that the dividend, prepared as 
above, does not contain the divisor, a zero must be placed in the 
root, and the next figure brought down to form the dividerid^ 

We explained a method in the extraction of the second root, 
more expeditious than to raise the roof to the seeond pofv^er 
every time a new iSgure is obtained in the root. A similar 
method may be found for the third root, though it is rather dif- 
ficult to be remembered. ' 

Let a = 30 and 6 = 7; then 
(a + by^{Ziy = a' + 3a»6 -f 3 a6« + 6» = 60653 

To find the third root of 50653^ find the fir^t figure of the 
root as explained above. Then form the divisor as above, and 
find the second figure of the root. Then instead of raising the 
whole to the third power, it may be completed from the worii 
already done. The third power of the first figure being found 
and subtracted, the remaining part is 

3 a' 6 -f 3 a 6' + 6' = 6 (3 a' + 3 a 6 + 6') . 

But the 3 a* has already been found for the divisor. 

We must now find 3 a 6 and V ; add all together, and multi- 
ply the sum by b, and the third power will be completed. 

Operaiwn, 

3(i'= 3 X 30 X 30 = 2700 60,6 63 (30 + 7=5:37. 
3a6 = 30X 7X3= 630 27 



6«= 7X 7 =49 23 6,63 (2700 = 3 «•, 

7 X 3379 = 23 6,53 

9. What is the third root of 34,965,783 ? 

14 
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We have seen abovei that when the root is to consist of seve- 
ral figures, the same course is to be pursued as when it consists 
of omy two. 

Operaiian. 

3 a» = 270000 34,965,783 (300 + 20 + T = 327. 

Sabzzi 18000 27 

*• = 400 



288400 57 68 

20 = 6 



79,66 (2700 1st divisor. 



6768000 . 21977 83 



21 977,83 (307200 2d divisor. 



y 3(a* + 2a6 + 6*) = 
Sa'+2x3ai+'36* 

3 a' = 270000 

2X 3rt6= 36000 

3 &• = 1200 



2d divisor 307200 = 3 X 320 X 320 

3 a* = 307200 

3a6= 6720 

6^= 49 



313969 
6= 7 

'2197783 

Exampki, 

10. What is the third root of 186193 ? 

1 1 . What is the third root of 3365427 ? 

12. What is the third root of 77308776? 
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13. What is the third root of 1990866512 ? 

14. What is the third root of 513,345,176,343 ? 

15 What is the third root of 217,125,148,004,864 ? 

XXXII. The third power of a fraction is found by raising 
both numerator and denominator to the third power. Thus 
the third power of|is|xiX|= tVt* 

Hence the third root of a fraction is found by finding the 
third root of both numerator and denominator. The third of 

Examples, 

1. What is the third root of |H ? 

2. What isthe third root of yf J^ ? 

.3. What is the third root of Sm = ViV ? 

4. What is tho thiid root of 30H|H ^ 

5. What is the third root of V ? 

It was remarked with regard to the second root that, when 
a whole number has not an exact root in whole numbers^ its 
root cannot be exactly found, for no fractional quantity multi- 
plied by itself can produce a whole number. The same is true 
with regard to all roots, and for the same reason. 

Hence the third root of V cannot be found exactly because 
the numerator has no exact third root. The root of tlie deno- 
minator is 2, that of the numerator is between 2 and 3, nearest 
to 3. The approximate root is | or 1^. 

6. What is the third root of | ? 

r 

In this, neither the numerator nor the denominator is a per- 
fect third power ; but the denominator may be rendered a per- 
fect third power, without altering the value of the fraction, by 
multiplying both terms of the fraction by 49, the second power 
of the denominator. 

3X 49 _ J[47 
7 X 49 343 ' 
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The root of this is between f and f , nenest to the former. 

It is evident that the denominator of any fraction may be 
rendered a perfect third power, by multiplying both its terms 
by the second power of the denominator. The third root of 
a whole number which is not a perfect third power, may be 
approximated by converting the number into a fraction, whose 
denominator is a perfect third power. 

What is the third root of 5 i 

We may find this root exact within less than i-V ^^ ^ ^smX^ 
by converting it into a fraction, whose denominator is the third 
power of 12. 

(12)' = 1728 . 5 = HH- 

The root of \^^\ is between f | and \\ ; nearest the latter. 

The most convenient numbers to multiply by, are the third 
powers of 10, 100, 1000, <&c. in which case, the fimctional part 
of the root will be expressed in decimals, in the same manner 
as was shown for the second root. The multiplication may be 
performed at each step of the work. For each decimal to be 
obtained in the root, three zeros must be annexed to the nuifar 
ber, because the third power of 10 is 1000, that of 100, 
1000000, &c. 

7. The third root of 5 will be found by this method as fol- 
lows. 

6.000,000,000 (1.709 + 
3d power of 1 1 

1st dividend ==: 4 (3 Ist divisor. 

3d power of 1.7 4.913 

2d dividend = 870 (867 2d do. =: 3 X (17)* 

3d do. 8700 (867 3d do. 

3d power 1.709 ss 4.991,443,829 

remainder .008 556 171. 

The 3d root of 5 is 1.709, within less than ^yVv of a unit. 
We might approximate much nearer if necessaiy. The other 
method explakied in the last article may be usea if preferred. 
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8. What is the third root of 17f ? 

The fiaptioDal part of this number mii9t first be changed to 
a decimal. 

17f = 17.76 = VVVt* = 17.750. 

Hence it appears, that to prepare a number containing deci- 
mals, it is necessary that for every decimal place in the root, 
there should be three decimal places in tlie power. Therefore 
we must begin at the place of units, and separate the number 
both to the right and left into periods of three figures each. If 
these do not come out even in the decimals, tliey must be sup- 
plied by annexing zeros to the right. 

9. What is the approximate third root of 25732.75 ? 

10. What is the approximate third root of 23.1762 ? 

11. What is the approximate third root of 12|? 

12. What is the approximate tnird root of l^f .'^ 

13. What is the approximate third root of || ? 

14. What is the approximate third root of /y ? 

XXXIII. Questions prqducing Pure Equations of the Third 

Degree. 

1. A man wishes to make a cellar, that shall contain 31104 
cubic feet ; and in such a form, that the breadth shall be twic« 
the depth, and the length 1^ the breadth. What must be tlie 
length, breadth, and deptli ? 

Let the depth = x^ 
tho breadth = 2 x, 

8 X 

and tho length = — • 

The whole content will be 

xX2xX if = 31104 

iP/ =31104 
3 

14* 



«^= 588* 
X = 18 = depth 
2«r = 36 = breadth 

?£= 48 = length, 

2. There are two men whose ages are to each other as 5 to 
4, and the sum of the tbinf powers of their ages is 137781. 
What are their ages ? 

Let X = the age of the elder 

then ~iL = the age of the younger. 
5 

^ 126 

a?* =r 91,125 
« =45 

li. = 36. 
5 

Ans. Elder 45 years, and younger 36. 

3. A man wishes to make a cubical cistern that shall con- 
tain 100 gallons. What must be the length of one of its 
sides } 

4. A bushel is 2150f cubic inches. What must be the size 
of a cubical box to hold 1 bushel f 

5. What must be the size of a cubical box to hold 2 
bushels ? 

6. What must be the size of a cubical box to hold 8 bushels ? 

7. Find two numbers, such that the second power of the 
greater multiplied by the less maj be equal to 448 ; and the 
second power of the less multiplied by the greater, may be 
392.? 
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8. A matt yriAes to make a cistern which shatl hold 500 
gallons, in such a fonn that the length shall be to the bieadth 
as 5 to 4, and the depth to the lei^th as 2 to 5* Rehired 
the lengtfi, breadth, wd depth* 

AWe. The wine gallon is 2SI c«bie incbes. 

9. A man wishes to make a box which shall hold 40 bushelsi 
in such form that the length shall be to the breadth as 4 to 3,* 
and the depth to the breadth as 2 to 3. Required the length, 
breadth, and depth ? 

10. A man bought a piece of land for house lots, the breaddi 
of which was to its length as 3 to 28 ; and he gave as many 
dollars per square rod, as there were rods in the length of the 
piece. The wiiole price was $63,504. Required the length 
and breadth. 

11. A man agreed to s^ll a stack of hay for 10 times as many 
dollars as there were feet in the length of one of the longer 
sides. On measuring it, the length was to tlie breadth as 6 to 
5, and the breadth and height were equal. MoreoTor it was 
found that it came to as many cents per cubic fr>ot as tliere 
were feet in the breadth. Required the dimensions of the 
stack. 



/ 
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When an equation of the sec(md desree eonsbts only of 
terms which contsdn the second power of the unknown quanti- 
ty, and of terras entirely known, they may be solved as above. 
But an equation of the second power, in order to be complote, 
must contain both the first and second powers of the unknown 
quantity, and also one term consisting entirely of known quan- 
tities. These are sometimes called affected equations, 

1. There is a field in the form of a rectangular parallelo- 
giam, whose length exceeds its breadth by IG yards, and it 
contains %0 square yards. Required the length and breadth* 

Let 0? := the breadth ; 

then 0? + 16 ='thc lengtli ; 

and X* -{-l^x ■=. the number' of square yards. 

Hence a:* + 16r.= 9r)0. 



IM ^ JUgebra. ZXXIV. 

In 6rder to solve this equation, it is necessary to make the 
first member a perfect second power. 

Observe that the second power of the binomial « -}* ^ i' ^f 

4- 2 a X + ^» n^ich consists of three terms. 

Now if we compaie this with the first member a?* + 16a?i we 
find 

«^ = «" 

which gives 2 a = 16 
and a = 8 

a* = 64 

(a? + 8) (a? + 8) = a^ + 16 « + 64. 

"llence, if to a?* -}- 16 j? we add 64, which is the second power 
of on^ half of 16, the first member will be a perfect second 
power, but it will be necessary t^ add the same quantity to the 
second member, in order to preserve the equality. Tbs equa- 
tion then becomes 

a?« -I- 16 ^ + 64 = 960 + 64 = 1024. 
Taking the root of both members 

a? + 8 = zt (1024)*= 32. 
fiy transposition a? = — 8 rt 32. 

It has been already remarked that the 2d root of every 
positive quantity, may be either positive or negative, because 
— ax — az=L J^c} as well as +ax+a = + c^. The 
double sign db is read plus or minus. 

In the preceding examples, the conditions of the question 
have always determined which was to be used. But, in the 
present instance, the work not being completed when the root 
is taken, we must give It both signs, and when the values of x 
are found for both signs, the conditions will finally show which 
is to be used. 

« + 8 = it32. 
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.. Ifwe a86themgn+9^^^&vo 

a?=24 

and cr 4-16 = 40. 

This gives the length 40 yards and flie iM^adth 5M-. TheM 
numbers answer the conditions of the questkm. 

, If we use the sign — , we have 

x = — 40 

a.+ 16=: — 24. 

These numbers will not satisfy the conditions of the question, 
but they will answer the conditions of the equation, as will be 
seen by putting them into the first equation. 

_40 X — 40 + 16 X — 40 = 960. 

2. A certain company at a tavern had a reckoning of 143 
shillings lo pay ; but 4 of the company being 8o ungelierooi as 
to slip away witfaeut paying, the rest were obliged to pay 1 
shilling apiece more than they would have done, if all had paid. 
What was the whole number of persons ? 

Let X = the number of persons at first ; 

then X — 4 = the number after 4 have departed ; 

143 

— = the number of shillings each should have paid ; 

X 

148 
and = the number of shillings actually paid by 

each. 

By the conditions 

143 ._ 143 

■ ■ ■ ■ "1^ * ^ \ - ■ ■ -—. 

X X — 4 . 

Clearing of firactions 

143aj + x*— 572— 4ap=143« 
By transposition 

a:*^— 4 a? = 672. 



166 Algebra. XXXlV. 

This equation is similar to the last, except in tins, the se- 
cond term of the first member has the sign -^. 

Here we must observe that die becond power of the bincHnial 
X — a, b 0^ — 2 a a; -f- a*, the same as that of a; "\- a with the 
exception of the sign of the second tenn. 

In this equation, as before, we find two terms of the second 
power of a binomial ; if we can find the other term we can 
easily solve the question. 

^ It may be found as follows, 

jr» = a!^ 

3a« = — Ax 

2a = — 4 

which gives a = — 2 

and a* = 4 

Adding 4 to both members of the equation it bacomes 

a:^_4 a? + 4 = 672 + 4 = 676. 

Since — 2 in this ccNresponds to a, the root of the first mem- 
beris* — 2. In fiwt, (ar— 2)* = a^— 4« + 4. Therootof 
676 is 34. 

Hence 

a? — 2 = ±:24 
a? = 2 ±: 24. 

The two values of a; are 26 and — 22. The former only an 
swers the conditions of the question. 

Prwif. If the whole number, 26, had paid their shares, each 
would nave paid ^^y = 5^ shillings. But 22 only paid!, con- 
sequently each paid '^V = 6 j shillings. 

3. There are two numbers, v^hose difference is 9, and whose 
sum multiplied by the greater produces 266. What are those 
numbers ? 

Let X = the greater ; 

then X' — 9 = the less, 

8 « — 9 = their sum. 
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By the conditiooa 

a?(2« — 9) = 266 
2** — 9«=:266 







2 


133. 






If we use 


the 


general formula as befiwe, 


we 


ha^e 


> 




«• = 


«• 




• 


• 




3o« = 

2a = 

a = 

0* = 


9a; 

2 

_9 
2 

___9 
4 

81 







16 

Completing tlic second power, the equation becoisies 
. 9a? , 81 ,oo . 81 2209 



— 2 


'^16 ^16 16 


Taking the root of both members 




4 4 




4 4 


which gives 


X=5!=:14 

4 


and 


. = -^ = -91 




«--9=:5 


also 


«— 9=— 18| 



\ 
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Both values will answer the conditions of iho qttestkw ; ftf 

14 + 5 = 19 
and 19x14= 266 

also _ 9J + (— 18i) = —28 

and — 28 X — 9 J = 266. 

In all the above examples, after the question was put into equa- 
tion, the first thisg done, was to reduce alLthe terms contain- 
ing a^ to one tena, and those containing x into another, and 
to pk'^.e likeni in one member of tlie equation, and to collect all 
the terms consisting entirely of known quantities into the other. 
This must always be done. Moreover x* must have the sign 
+ and its coefficient must be J . The equation will then be in 
tlie following form. 

x^ '{•px'^i.q. 

p and q being any known quantities and either positive or 
negative. 

Every equation, however complicated, consisting of terms 
which contain a:', and x, and known quantities may be reduced 
to this form. 

Let the equation be 

^_3j? _ 15— X* 

Clearing of fractions it becomes 

140 x — 12 a?* — 70 + 6 0" = 75 — 5 T*. 
Transposing and uniting terms 

1465P— 7^ = 145 

Changing all the signs in both members 

7jc*— 146^ = — 146 

Dividing by 7 (the coefScicnt of x*) 

^,_ !46g __14S 
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Here pi=^i55 and j = - 11^ 

r 7 ' ^ 7 

To aolre the equation 

We consider s? and jpwaa two terms of the second power 
of the bmomial d? -f- a m which 

2a=p 

2 

4 
Hence the binomial a? + a is equal to a? + -S, and the third 

term of the second power is £• In fact 

Therefore the first member of the above equation may be 
rendered a ccnnplete second power, of which « + ^ ^ ^^ 

loot, by adding to it JL. The same quantity must be added to 

4 

the second member, to preserve the equality. 
The equation then bQConies 

4 4 

Taking the root of both members 



16 



=-f^('+^)* 
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From the above observations we derive the following genend 

rule for the solution of equations whicK contain the first and 
second powers of the unknown quantity. 

1st. Prepare the equation, by collecting all the terms contain-' 
ing the first and second powers of ike unknovm quantity into the 
first member^ and all the terms consisting entirely of knoum qmn' 
tdies into the other member. Unite aU (he terms containing the 
second power into one term, and aU containing the first power 
into another. If the sign before the term containing the second 
power of the unknown quantity be not positive, make if so by 
changing aU the signs of both members, ff the coeffideni of 
this term is not 1, make it so by dividing all the terms by its co^ 
fident. 

2d. Make the first menAer a complete second power. TTus is 
done by adding to both members the second power ofhalfihe coefpr 
dent of X (or of the first power of the unknown quantity.) 

3d. Take the root of both members. 

The root of the first member vnU be a btnonualf the first term of 
which wiU be the unknown quantity, and the second wM be hflf the 
coeffideni of x as found above. The root of the second member 
must have the double sign ii=* 

4th. Transpose the term consisting of known quantities from the 
first to the se&ond member, and the value of x vml be found. 

4. A and B sold 130 ells of silk (of which 40 ells were A's 
wid 90 B's) for 42 crowns. Now A sold for a crown one third 
* of an eii more than B did. How many ells did each sell for a 
crown f 

Let 0? = the number of ells B sold for a crown ; then x 4* 
1 = the number A sold for a crown ; , 

22 = the price of 90 ells ; 

X 

-12- = the price of 40 ells. 
'+* \ 

i2.+ i2.==42 
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90a? rf 30 + 40a? = 42»» + 14 a? 
116x — 42a?«=: — 30 
Changing signs 42 a?* — 1 16 a? = 30 

Dividing by 42 it*— ili5=?2 

42 .42 

Reducing fractious a?» — ^ = .1 

21 7 

To complete the second power oflthe first member, take one 
Iwdf of — If, which is — |f , and add its second power to 
both members. 

^_68£ , J41^6 , Jt41_.^ , 841 _ 115& 
21 "^ 21)' 7 "^ 2ir 21)* "^ 2l)* W 

Taking the root of both members, 

31 21 

,— 29 . 34 
a? = — it> — 

21 21 

WhichgiTe 3p=^ = 3 
® • 21 

and a? = — — 

21 

The first value only will answer the conditions. 

Ana. B sold 3 ells for a crown, and A 3^. 

The learner mav observe, that in ndsinff \\ to the second 
power, I multiplied the numerator into itsdf, but expressed the 
power of the denominator by an exponent. This saved some 
work in this example. It may always be done when the nun»- 
ber in the right hand member can be reduced to a fraction 
with the same denominator as the number ^ded. In this case 
4 could be reduced to 21ths. The \ was reduced thus : 
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5X 3 _ 15 X 21 _ 315 

7x3 21 X 21 2l)» 

When the second member is a whole number, it can be re- 
duced to a fraction with any d^iOQiinator ; consequently this 
form may be used. 

5. A man bought a certain number of sheep for 80 dollars : 
if he had bought 4 more for the same money, they would have 
come to him 1 doU«r«apieee cheaper. What was the number 

of sheep .'^ 

» ■»■ 

6. A merchant sold a quantity of brandy for £39 and gained 
as much per cent, as the orandy cost him. How mu6h did it 
cost him r 

Let X = the cost. 

then .^ s= the rate per cent. 
100 ^ 

and — = the gain. 
100 ® 

also 39 -—jr = the gain. 

7. Two persons, A and B, talking of their money, says A to 
B, if I had as many dollars as I haVe shillings, I should have as 
much money as you ; but if I had as many shillings as their 
number multiplied by itself, I should have three times as much 
money as you, and 63 shillings over « How 'much- money had 
each ? 

8. A colonel has a battalion of 1200 men, which he would 
draw up in a solid body of an oblong form, so that each rank 
may exceed each file by 59 men. What nunxbers n(Hist he 
place in rank and file ? 

9. A grazier bought as many sheep as cost him £60 ; out of 
which he reaervisd 15, and told the remainder for £54, gaining 
2 sbilhngs a head by them. How many sheep did he buy, and 
what was the price of each i 

10. A person bought two pieces pf cloth of different sorts ; 
of which the finer cost 4s. a yard more than the other. For 
the finer he paid £18 ; but for the coarser, which -exceeded 
the finer in length by 2 yards, he paid only £16. How many 
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yards were there in each piece, and what was the price of 
each ? ' 

11. A labourer dug two trenches, one of which was 16 jrarda 
longer than the other, for $77.60 ; and the digging of each 
cost as many dimes per yard, as there were yards in length. 
What was tne length of each ? 

12. There are two square buildings, that are paved with 
stones each a foot square. The side of one building exceeds 
that of the other by 12 feet, and both their pavements taken 
together contain 2120 stones. What are the lengths of them, 
separately. 

13. A man bought two sorts of linen for $13|. A yard of 
the finer cost as many shillings as there were yards of the finer. 
Also 30 yards of the coarser, (which was the whole quantity,) 
were at such a price, that 7 yards cost as much as a yard of the 
finer. How many yards were there of the finer, and what was 
the value of each piece ? 

14. Two partners A and B gained £18 by trade. A's mo- 
ney was in trade 12 months, and he received for his principal 
and gain £26. Also B's money, which was £30, was in trade 
1 6 months. What money did A put into trade ? 

Id. The plate of a looking glass is 18 inches by 12, and is 
to be framed with a fi*ame, all parts of which are of equal width, 
and the area of the fi-ame is to be equal to that of the glass. 
Required the width of the frame. 

16. A and B set out fi*om two towns, which were distant 247 
miles, and travelled the direct road till they met. A went 9 
miles a day ; and the number of days, at the end of which they 
met, was greater by 3 than the number of miles whidh B went 
in a day. How many miles did each go f 

17. A set out from C towards D, and travelled 7 miles pec 
day. After he had gone 32 miles, B set out fix)m D towards C, 
and went every day yV ^^ ^^ whole journey ; and after he had 
travelled as many days as he went miles in one day, he 'met A. 
What is the distance between the places C and D ?^ 

In this case both values will answer the conditions of the 
question. 

15* 
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16. A imnj^i^ fieMt the lengtk of wbidi exceeded tbe 
breadth by 5 rods. He save 3 dollars a rod to have it fenced, 
which amounted to 1 doUar for every square rod iq thje field. 
What was Ae lesgth and tneadth, oiid what did he give for 
feacing it ? 

19. From two places at a distance of 320 miles, two pers<ms, 
A and B, set out at the same time to meet each other. A tra- 
velled 8 miles a dfty more than B, and the nundaer of days in 
which tb^ met was equal to half the number of miles fi went in 
^ day* liow <owy miles did each travel, and how far per d^y f 

20. A man has a field 15 rods long and 12 rods wide, which 
he wishes to enlarge so that it may contain just twice as much ; 
and that the length and breadth may be in the same propor- 
tion. How much must each be increased ? 

In this example, the root can be obt^ed only by approxi- 
mation. 

21. A square court yard has a rectcmgular gravel walk 
round it- The side of the court wants 2 yards of being 6 
tipoes the breadth of the gnivel walk; and the number of 
square yards in tlbue walk exceeds the number of yards in the 
periphery ojf the coiart by 164. Reqmred the area of the 
court ? 

All equations of the second degree may be reduced to one 
of the following forms. 

1. ci? '\'px^zq 

2. 3^ p OP = J . 

8. aj'-J-j?j? = — J 

After the equaticm has been brought to one of these forms, 
it may be solved by one of tlie following formulas, which are 
numbered to correspond to the equationB from which they lire 
derived. 



1. «=-^±(j+f)* 



3. x = -|i^-5)* 

The finst equation and the first formula are sufficient for the 
whole, if p and q are supposed to be positive or negative quan« 
tities. 

22. There fu'e two no^iber^ whof^ diiferei|ce is lll^ cpad 
whose produet is equi^ tP 4 tigies the Jijirger flaiotts 9* ^haft 
are the numbers ? 

Let X = the larger ; 

then X — 11 f = the smaller. 

x» — ll|a? = 4a? — 9 

a?^ — '!« = — 9. 
This equation is in the form ofo?* — JP* = — J>hi ^ich 

^ 6 2 10^ 4 100 * 

* = H=fc (VirV— 9)*= « i (VifV)* = 7.8i:7^. 
Or we may use the first formula, then 

78 p _ 78 p» _ 6084 „„^ ^ _ « 
p = — — , -^ = — — , C = , and o = -— 9 

^ 5 2 10 4 100 ^ 

cc = It ± ( VA* — 9)* = ^1 ± ( V»V)* = 7.8 ± 7 2. 
Both values of x^ being positive, will answer the conditions 
of the question. 

Am, By the first value the larfl^r number is 15 and the 

smaller 3f . By the second value of a?, the larger is |, and the 

smaller — 11. 

# 

Let tlie learner solve some of the preceding questions by the 

formula. 

XXXV. We shall now demonstrate that every equation of 
the second degree, necessarily adjnits of two values for the un- 
known quantity, and only two. 
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Let us take the general equation. 

•c* -f- jP a? = J. 

This, we have seen, may repres^it an? equation whaterer of 
the second degree, p and q being any known quantities and 
either positive or negative. If jp = the equation becomes 

which is a pure equation or an equation with two terms. 

If we make the first member of the equation of -{-p a? = j, 
a c<Mnplete second power, by the above rules, it becomes 

*»+px + ^, = 5 + £ 
4 4 

then «» = (? + ^)^ 

4 
Then we have (a? +-2-) =r mf 

transposing m* (a?-f.Z-) — iiiP = 0. 

The first member of this equation is the difference of two 
second powers, which. Ait. XIII, is the same as the product of 
the sum and difierence of the numbers. 

The sum lax + J^ + tn. and the difierence is a? -|- ^ — tn. 
and their product is 

(^ + |- — «) (^ + |-+«») = o. 

In this equation, the first member consists of two factors, 
and the second is zero. Now the first member of the above 
equation will Be equal to zero, if either of its factors is equal 
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to zero. For if any nimiber be multiplied by sero, the product 
is zero. 

Making the first fiictor equal to zero, 

give? x-=z — iL -f- »• 

Making a:4-^+m = 

gives a? = — ^ — m. 

Either of these values of x must answer the conditions of the 
equation. 

' N. B. l%ough either value answers the conditions separate^ 
Iv, they eaoBot be introduced together, for being dinerenti 
th^ir product cannot be of. 

Instead of m put its value, and tlie values of x become ^ 

i 






which are the values we had obtained above. (This demon 
0tration is essentially that of M. Bourdmi.) 



Let us take again the general equation. 

Since the expression contains a radical quantity, that is, a 
quantity of which the root is to be found, in order to be able 
to find the value of it, we must be able to find the root either 
exactly or by approximation. Now there is one case in which 



178 MgAra. XXXV. 

it k impossible to find the root It is when q is negative and 
greater than Z.. In which case th^ expression j -|~ -^ i^ ^^^ 

gative ; and it has been shown above, that it is impossible to 
find the root of a negative quantity. In air other cases the 
value of the equation may be found. 

In all cases if q is positive, the first value will be positive, 
and answer directly to the conditions of the question proposed. 

For the radical Iq -|- ^1 is necessarily greater than S^ be- 
cause the root of Si alone is 2^ ; therefore the expression 

4 2 

-* ^ :^ 1 9 + —\ '^ necessarily of the same sign as the 

radical. 
The second value is for the same reason essentially negative^ 

for both ^and iq -f- £.1^ are negative. This value, though 

it fulfils the conditions of the equation, does not answer the 
conditions of the question, from which theequaticm was derived % 
but it belongs to an analogous question, in which the x must be 
put in with uie sign — instead of + ; thus a? — jp a: = j, which 

gives 0? = 2. d= 19 + — I 9 a value, which differs fixmi the 

first only by the sign before 2^. 

If jT is actually negative, the equation becomes 

a^ ztpx = — J, 
and the values are 



CC = q=|.H-/^-«\*. 



In order tliat it may be possible to find the root, q must be 

less than JL. When this is the case, the two values are real. 

4 
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\ 



Since IJL — ; 1^ is gmaller than £^ it follows that both 

values are negative if |7 is positive in the equation ; that is, if 
«• + j> J? = — y, which gives 

und both positive i(^ is negative in the equation, that is, d^— - 
p x=z — y, which gives 



'=f^(?-') 



i 



When both values are negative, neither of them answers di- 
rectly to the conditions of the question ; but if — a? be put into 
the original equation instead of x^ the new e<quation will show 
what alteration is to be made in the enunciation of the ques- 
tion ; and the same values will be found for x as before, with 
the exception of the signs. 

If in this equation q is greater than £, the quantity 



(?-') 



^ becomes negative, and the extraction of the root 



cannot be performed. I'he values are then said to be imagi- 

1. It is required to find two numbers whose sum is p, and 
whose product is q. 

Let X = one of the numbers, 

then p — X =z the other. 

x{p'—x)=zq 

px-^af=q; 

Changing signal a^ — pxzs: — q. 

This example presents the case above mentioiiedt in whieh 
p ami q are both negative* 



X = 



2 



180 AfgOm. XXXV. 

. The value is 

Suppose |» = 15 and q = 54. 

/ 225 _ 54\* ^ 15 ^ / 225— 216 U 

.2 2 

The values are 9 and 6, both posiiiye, and both answer the 
conditions of the question. And these are the two num- 
bers required, for 9 + 6 = 15, 9 X 6 = 54. This ought to be 
40s for d? in the equation represents either of the numbers in* 
diffisrently. Indeed whichsoever x be put for,p — x will re* 
present the other ; andp a? -^ a^ will be their product* 

'■ Again letp =: 16 and q = 72. 

x = ^±(^-72)* = 8±(-8)* 

Here {^ 8)^ is an imaginary quantity, therefore both values 
&re imagmary. 

In order to discover why we obtain this imaginary result, let us 
first find into what two parts a number must be divided, that the 
product of the two parts may be the greatest possible quantity. 

tn the above example, j:; represents the sum of the two num- 
bers or parts, let d represent their difference, then 

^+ — = the greater, and^ — — = the less. Art. IX. 
2 2 ® 2 3 

Their product is 

/JL+1W^-A\ =£!_- ^ Art.Xm. 

\2 ^ 2/ A2 2/4 4 

Tiifr^eipressioQ ^ — ~ b evidently lew Uwn:£. so loog as 

4 4 4 

if b greater than zero ^ but when <f == 0, the ezi^eflrion becomes 



/ 
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iL which is the second power of ^. Therefore the greatest 

possible product is when the two parts are eqaal. 
In the above exomple ^ = 8, and £. == 64. This is the 

I 

greatest possible product that can be formed of two numbers 
whose sum is 16. It was therefore absurd to require the pro- 
duct to be 72 ; and the imaginary values of x arise from that 
absurdity. 

2. It is required to find a number such, that if to its second 
power, 9 times itself be added, the sum will be equal to three 
times the number less 5. 

a?' -|- 6 a? = — 5* 

This equation is in the form of cr* -{~ P ^ = — it which 
gives 

Putting in the values of p and q 

"^ «=:_3db(9— 5)* = — 3±2. 

The values are — 1 and — 5, both negative. Consequently 
neither value will answer the conditions oif the question. Thyi 
shows also that those conditions cannot be answered. 

ffut if we change the sign of a? in the equation, that is^ pat 
in — X instead of t, it becomes 

a» — 9a? = — 3a? — 5. 
Changing all th& signs ' 

\ 9a: — a» = 3a? + 6. 

This shows that the question should be expressed thus : 

It is required to find a number, such, that if fitm 9 times 
itself, its second power be subtracted, the remainder will be 
equal to 3 times the number plus 5« • 

16 
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The values will both be positiye in this, and both answer the 
^nditions. 

x* — 9a? = — 3a? — 5 

a^ — 6jp = — 6 

a? = 3d=(9 — 5)*=3i:2. 

♦ 

The values are 5 and 1 as before, but now both are positive, 
«id both answer the conditions of the question. 

3. There are two numbers whose sum is a, and the sum of 
iriiose second powers is b. It is required to find tliQ^ numbers. 

Examine the various cases which arise from giving difierent 
values to a and 6. Also how the negative value is to be inter- 
preted. Do the same with the following examples. 

4. There are two numbers whose difference is a, and the 
wan of whose second powers is b. Required the numbers. 

■ S. There are two numbers whose difference is a, and the. 
difference of whose third powers is b. Required the numbers. 

6. A man bought a number of sheep for a number a of^ dol- 
lars ; and on counting them he found that if there had been a 
number b more of them, the price of each would have been less 
by a sum c. How many did he buy ? 

7. A grazier bought as many sheep as cost him a sum a, out 
of which he reserved a number i, and sold the remainder for a 
■dm c, gaining a sum d per head by them. How many sheep 
did he buy, and what was the price of each ? 

8. A merchant sold a quantity of brandy for a sum a, and 
gained as much per cent, as the brandy cost him. What was 
Ihe price of the brandy ? ' 

XXXVI. Cf Patvers and Roots in General. 

Some explanation of powers both of numeral and literal 
quantities was given Art. A. The method of finding the roots 
cf- the second and third powers, that is, of finding the second 
wai third roots of numeral quantities, has also been explained ; 
flad their application to <lie solution of equations. But it is 
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frequently necessary to find the roots of other powers, as well 
as of the second and third, and of literal, as well as of numeral 
<|uantities. Preparatory to this, it is necessary to attend a 
bttle more particularly to the formation of powers. 

The second power of a is a K « = a*. 

The fifth power of a is a X fl X a X a X « = «*• 

If a quantity as a is multiplied into itself until it enters m 
times as a factor, it is said to be raised to the 7;2th power, and is 
eorpressed a**. This i^ done by m — 1 multiplications ; for one 
nviltiplication as a X a produces a* the second power, two 
aiultiplications produce the third power, &c. 

We have seen above Art. X. that when the quantities to be 
multiplied ^re alike, the multiplication is performed by adding 
the exponents. By this principle it is ea^ to find any power 
of a quantity which is already a power. Thus 

The second power of «' is a* x «* = a**"' = o*. 
The third power of a* is a* X a' X o* = aH^+* z= a*. 
The second power of a" is a"* X a" = a""*^ = fl**. 
The tliird power of a* is o* X o" X a* = a'**"'*^ = a'^. 

The wth power of a* is a* x a* X ^ X a* X 

s= a*+*+"+"+ , until a* is taken m times as a fiictor, that 

is, until the exponent 2 has been taken m times. Hen^ it ii 
expressed a"*. 

The nth power of a* is a* X fl* X a* .... = a * '' * < '* < • • • 
until m is taken n times, and the power is expressed a**. 

N. B. The dots in the two last examples are used to 

express the continuation of the multiplication or addition, be- 
cause it cannot come to an end until m in the first case, and n 
in the second, receive a determinate value. 

In looking over the above examples we observe ; 

1st. That the second power of a' is the same as the thiid 
power of a% and so of all others. 
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2. That in finding a power of a letter the exponent is added 
until it is taken as many times as there are miits in the expo- 
nent of the required power. Hence any qaantUy may he raised 
to any power by multiplying its exponent by the exponent of the 
power to which it is to be raised. 

The 6th power of a' is a'x» = «"• 

The 3d power of a'^ is a'^' = a*', <Sm;. 

The power of a product is the same as the product of that 
power of all its factors. 

The2dpowerof3aiis3a6 X 3a6 = 9a*6^. 

The 3d power ofSo'i'is 2a*6' X 2a"6» X 2c?V = B€fb\ 

Hence, when a quantity consists of several lettersj it may he rai^ 
ed to any povfer by mtdtiplying the exponents of each letter by the 
exponent of the power reqvirm ; and if the quantity has a numerol 
coefficient^ that must be raised to the power required. 

The powers of a fraction are found by raising both numera- 
tor and denominator to the power required ; for that is equiva- 
lent to the continued multiplication of the fraction by itself 

1 What is the 6th power of 3 cfVmi 

SWhat is the 3d power of ?^ i^ 

5 b*cr 

Powers of compound quantities are found like those of fiom* 
plo quantities, by the continued multiplication of the quantity 
into Itself The second power is found by multiplying the 
c|uantity once by itself. The third power is found by two mul- 
tipUcationa, (&c. 

The powers of compound quantities are expressed by enclos- 
ing the quantities in a parenthesis, or by drawing a vinculum 
over them, and giving them the exponent of the power. The 
third power of a + 2 6 — c is expressed (a + 2 b — c)' ; or 

-. .» 

o 4- 2 6 — c. 

The powers are found by multiplication as fbllowis : 
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a + 2b — € 
a + 2b — c 



a*-f 4aft + 4i* — 2ac— 4ic + c» = (a + 26 — c • 
a+Si — e 

a' + 4a*6+4(i6"— 2o"c — 4a6c + ac* 

2(fb + 8aV+BP —4ahc—SbU+2be 

— aU —4abc—4b*c+2a(^+4be—^ 

a» + 6 a* 6 + 12 a ft» +Sb*— 2 a*e—l2abe—12Vc 

+ Sa<^ + 6bc* — ^=z{a + 2b—ey. 

If the third power be multiplied by a -|- 2 6 — c, it will pro- 
duce the fourtn power. 

3. What is the second power of 3 c + 2 rf ? 

4. What is the third power of 4 a — bc^ 
6. What is the fifth power of a — 6 ? 

ft 

6. What is the fourth power of 2 a* c — c* ? 

In practice it is generally more convenient to express the 
powers of compound quantities, than actually to find them by 
multiplication. And operations may frequently be more easily 
ocrformed on them when they are only expressed. 

(« + hy X (a + by = (a + 6)H-« =, (« + by 

(3fl_5^* X (3a — 5cV=:(3a— 6cr. 
16* 
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That 19, whim ontpcvxr of a compound quantUy is to he multi^ 
plied hy any power of the same quantity^ U mm be expressed by add*' 
iiig the eaponents^ in the same manner as simple. quantities. 

The 2d power of (a -f by is (o + by X (a + by 
= (a +6)H-» = {a + J)'x« = (a + 6)^ 

The 3d power of (2 a — dy is 

(2a — d)*+*+*=(2a — (f)*'<« = (2a — £0" 

That is, any quantity^ which is already a wjwer ^ a compound 
auantityy may be raised to any power by multiplying its exponent 
hy the exponent of the power to which it is to be raised. 

7. Express the 2d power of (3 J — c)*. 

8. Express the 3d power of (a — c -f" 2 dy. 

9. Express the 7th power of (2 a* — 4 c*)*. 

Division may also be performed by subtracting the exponents 
as in simple quantities. 

{3 a — by divided by (3 a — by is 

(3a— 5)*-* = (3a— 6)' 

10. Divide (7 m + 2 c)' by (7 m J- 2 c)'. 

If (a -f- by is to be multiplied by any quantity c, it may be 
expressed thus : c {a'\- by. But in-order to perform the ope- 
ration, the 2d power of a -|- & maai first be foiihd. 

c(a+i)* = c(a' + 2a6 + A»)==a*c + 2a6c + 6'c 

If the operation were performed previously, a very errcneous 
result would be obtained ; for c (d -f- &)' is very different from 

{ac + b cy. The value of the latter expression iaa^ c^ -{'2ab 

e + b^d". 

11. What is the value of 2 (a -|- 3 by developed as above f 

12. What is the value of 3 i e (2 a — c)* ? 

13. What is the value of (a + 3 c*) (3 a — 2 by I 

14. What is the value of (2 a — iV (a* + ic)'? 
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We have had occasion in the preceding pages to retain from 
the second and third powers to their roots. We have shown 
how this can be done in numeral quantities ; it remains to be 
shown how it may be effected in Literal quantities. It is fre- 
quently necessary to find the roots of other powers as well as 
of the second and third. 

The power of a literal quantity, we have just seen, is found 
by multipljdne its exponent by the exponent of the power to 
which it is to be raiscKl. 

TTie second power of a* is a* ^ • = a* ; consequently the se- 
cond root of ^ is a* == a*. 

The thiid power of a* is a*" ; hence the third root of a"" 
must be a ^ = a* . 

m 

The second root of a*, (hen must be a'. 
Proof. The second power of o^ is a ^ =i a*. 

In general, the root of a literal qwmttty may be found by divtd' 
tng its exponent by the number expressing the root ; that isy by 
dividing oy 2 for the second root^ by 3 for the third rootj &e. 
This is the reverse of the method of finding powers. , 

It was shown above, that any power of a quantity consisting 
of several factors is the same as the product of the powers of 
the several factors. From this it follows, that any root of a 
quantity consisting of several factors is the same as the pro- 
duct of the roots of all the factors. 

The third power of o* 6 cf is a* 6V; the third root of (f i* 
c* must therefore be a* ft c*. , ,,: 

Numeral coefficients are &ctors, and in finding powers 
they are raised to the power ; consequently in finding rootSi 
the root of the coefficient must be taken. 

The 2nd root of 1.6 tf" ft^ is 4 a' ft. 
Proof. 4 a' 6 X 4 a* ft =. 16 a* ft^* 
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When the eiponent of a quantity is divisible by the number 
expreBsing[ the degree of the root, the root can be fiNind exactly ; 
but when it is not, the exponent of the root will be a fraction. 

The second root of a* is a^. The itocond root of a is c?. 
The third root of a is a*. The nth root ofa is a ». The nth 

m 

root of a* is a» . 

The root of a fraction is foimd by taking the root of its nu* 
merator and of its denominator. This is evident frmn the me- 
thod of finding the powers of fractions. 

The root of anv quantity may be expressed by enclosing it in 
a parenthesis or drawing a vinculum over it, and writing a frac- 
tional ex^n^it oVer it, expressive of the root. Thus 

The 3d root of 8 a' ft is expressed 

(8a»6)*or8y6*. 

The root of a compound quantity may be expressed in the 
same way. 

The 4th root of a' -f- 5 a & is expressed 

When a compound quantity has an exponent, its root may 
be found in the some manner as that of a simple quantity. 

The 3d root of (2 6 —a)'' is (2 6 — a)* = (25— a)*. 

With regard to the signs of roots it may be observed, that all 
even roots must have me double sign db; for since all even 
powers are necessarily positive, it is impossible to tell whether 
the power was derived from a positive or negative root, unless 
something in the conditions of the question shows it. An even 
root of a negative quantity is impossible. All odd roots will 
have the i^am^ sign as the power. 

15. What is the second root of 9 a' &* ? 

16. What is the third root of— 126 sfVei 
17 What is the fiAh root of 32 a^^oFri 
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18. What is the third root of ^^^ ? 

19. What is the fourth root of ^]f^> ? 

b m 

20 What is the second root of (2 m — or)' f ' 

21 What is the 6th root of (3 a + a?)« i 

XXXVII. Roots of Compound QuarUities. 

« 

When a compound quantity is a perfect power, its root may 
be found } and when it is not a perfect power, its root may be 
found by approximation, by a method similar to tliat employed 
forfinding the roots of numeral quantities. 

# 

First we may observe, that no quantity consisting of only two 
terms can be a complete power ; for the second power of a bi- 
nomial consists of three terms ; that of a -|- x, for example, is 
a* -|- 2 a jT -|- o:^. The quantity a* -|- b* is not a c(Hnplete se- 
cond power. 

Let it be required to find the second root of 

The root of this will consist of at least two terms. The se* 

tond power of the binomial a -|- 5 is a* -^ 2^ & -f* ^* '^^^ 
shows that the quantity must be arranged according to the 
powers of some letter as in division, for the second power of 
either term of the root will produce the highest power of the 
letters in that term. 

Arrange the above according to the powers ofx. 

The formula a* '}-2ab -{-b* shows that we should find the 
first term a of the root by taking the root of the first term ; the 
same must be the case in the given example. 

The root of 9 x* a* is 3 a?* a". Write this in the place of a 
quotient, and subtract its second power. Then multiply 3x* «* 
by 2 for a divisor, answering to 2 a of the formula. 
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9a^a* 






Divide the next tenn by the divisor. This gives 2aV for 
the next term of the root. Raise the whole root then to the 
second power and subtract it. Or, which is the same thing, 
since the second power of the first term has ab-eady been sub- 
tracted, write the quantity 2 a 5* at the ri^ht of the divisor as 
well as in the root. Multiply the whole divisor as it then stands 
by the last term of the root. This produces the terms corre- 
sponding to 2 a 6 + i*> = ^ (2 a + J) of the formula. This pro- 
duces 12a;^a*i* + 4a*A*, which being subtracted, there is no 
remainder. Consequently the root is 3 a?* a* + 2 a 6* or — 
3V a' — 2 a b*. The second power of both is the same. If 
the double sign had been given to the first term of the root, the 
second would have had it also, and the positive and negative 
roots would have been obtained together. 

Let it be required to find the 2d root of 

36a>m* — 60 oim* + 26 i*. 

36a«m* — 60a6V+25 6«(6am* — 56 



♦ — 60a6m^-|-26i* (12am* — 56 
— 60a6iii» + 25 6» 



The process in tliis case is the same as in the last example. 
The second term of the^^oot has the sign — in consequence of 
the term 60 a 6 m' of the dividend being affected witli that sign. 
If the quantitv had been arranged according to the powers of 
the letter 6, thus, 25 6" — 60 a 6 m* + 36 cFm^^ the root would 
have been"5 6 — 6 am* instead of 6 a m« — 5 6. Both roots 
are right, for the second powers of the two quantities are the 
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same. Tlie second power a — i is the same as that of 6 — a. 
One is the positive and the other the negative root. If the dou- 
ble sign be given to the first term of the root, both results will 
be produced at the same time in either arrangement* 

^56« — 60a6m" + 36a*m* (=fc6J=F6ain' 
25 J* 






In dividing — 60 a J m* by dz 106, both signs are changed, 
the + to — , and the — to 4-- This gives to the second term 
the sign =F. The first value is 5 6 — 6 a j»*, and the second is 
6 am' — 5 6. 

When the quantity whose second root is to be found, con- 
sists of more than three terms, it is not the second powor of a 
binomial, but of a quantity consisting of more than two terms 
Suppose the root to consist of the three terms m'\'n'\-p. If 
we represent the two first terms w + n by /, the expression be- 
comes I -^-pi the second power of which is 

Developing the second power 2' of the binomial m -f- n, it 
becomes m' + ^ w» » + »"• This shows that when the quantity 
is arranged according to the powers of some letter, the second 
root of me first term will be the first term m of the root. If m" be 
subtracted, and the next term be divided by 2 m, the next temi 
II of the root will be obtained. If the second power of m -4- n 
or Z* be subtracted, the remainder will be 2 Zp -|-^*. If the 
next term 2 Z p be divided by 2 I equal to twice m -|- n, the 
quotient will be jp, the third term of the root. The same prin- 
ciple will extend to any number of temss. 

It is required to find the second root of 

4 a* -f 12 a* a? + 13 a* a;* + 6 a a:* + a^. 
Let this be disposed according to the powers of a or of «• 
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*• + 6 a «* + 13 aV + 12a"« + 4 a* («^ + 3aa? + 2 a" root- 



«* 



1st dividend. 



♦ 6fla^ + 13a*jj^ (2a?* + 3aa? Ist divisor. 



2ddivid. * 4a*a?«+ 12a»«+4tf* (2«»+ 6aa?+2a" 2d.di 
4a"a?* + 12a»a/ + 4o* 



The process is so similar to that of numeral quantities that 
it needs no farther explanation. 

The double sign need not be given to the terms during the 
operation. All the signs may be changed when the work is 
done, if the other root is wanted. This will seldom be the 
case when all the terms are positive ; but when some of the 
terms are negative, if it is not known which quantities are the 
largest, the negatii'e root is as likely to be found first as the 
positive. When this happens the positive will be found by 
changing all the signs. 

1. What is the second root of 

4a'« + 6a*a?« + rt* + a^ + 4a«^? 

2. What is the second root of 

if!.— If +1+0?* — 2cc'.J^ 
2 2 ^ 16 ^ 

3. What is the second root of 

— 4a?* + 4a!^ + 12«* — 6« + «^ + 9 ? 

4. What is the second root of 

af + 20a?' + 25aj^ + 16 + 4«^+10a?* + 24«» 
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of any Degree* 

By examining the several powers of a binomial, add observing 
that the principle may be extended to roots consisting of more 
than two terms, we may derive a general rule for extracting 
roots of any degree whatever. 

(a + J?)* = fl + a? 
d + aj 



a*+ ax 

ax -^-a^ 

{a + xy=: a* + 2ax + x' 

a +a? 



a*x+2aa^+Qf 

(a +xy = a* + 2a*x + 2aa^ + x* 
a +0? 



(a^xyz=:a'' + 4ifx+6(fa^+4ax* + a^ 

(f + 4a*x + 6a*jf+4a*x* + ax* 

a*x + 4 cfa? -{- 6 cfaf + 4 ao?* -|- «• 

By examining these powers, we find that the first term is the 
first term of the binomial, raised to the power to which the bi- 
nomial is raised. The second term consists of the first term 
of the binomial one degree lower than in the first term, multi- 

17 
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plied by the number expressing the power of the binomial, and 
also by the second term of the binomial. This will hereafter 
be shown to be true in all cases. 

The application will be most easily understood by a particu- 
lar example. 

Let it be required to extract the 5th root of the quantity 

32 flio— 80 a* &=+ SO a' V— 40 a' i' + 10 a* //* — 6" (2 a» — &• 

32 a^' 

Dividend. 

* _ 80 a' 6* ^ 80 «• divisor. 

The quantity being arranged according to the powers of a, I 
seek the fifth root of the first temi 32 a'\ It is 2 a*. This I 
write in the place of the quotient in division. I subtract the 
fifth power of 2 a*, w^hich is 32 a'^ from the whole quantity. 
The remainder is 

— 80 a' 6' + 80 a* V — &c. 

The second term of the fifth power of t!ie binomid a -}- «» 
being 5 a* jc shows that if tlie second term in this case be di- 
vided by five times the 4th power of 2 a*, the quotient will be 
the next term of the root. The 4th power of 2 a' is 16 a* and 
6 times this 80 a^ Now — 80 a^ U" being divided by 80 a' 
gives — b^ for the next terra of the root. Raising 2 a* -r^b* 
to the fifth power, it produces the quantity given. If the root 
contained rpore.than two terms it %vould be necessary to sub- 
tract the 5th power of 2 a^ — b^ from tlie whole quantity ; and 
then to find the next term of the root, divide the first term of 
the remainder by five times the 4th power of 2 ci* — 6*. The 
first term only however would be used which would be the 
same divisor that was used the first time. 

When the number expressing the root has divisors, the roots 
may be found more easily than to extract them directly. The 
second root of a* is a*, the second root of which is a. Hence 
tlie 4th root may be found by two extractions of the second 
root. The second root of cf is a% or the 3d root of a* is a*. 
Hence the 6th root may be found by extracting the 2d and 3d 
roots. The 8th root is found by three extractions of the 2d 
root, dLC. 
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* ' . . * 

Ex(anple$. , 

U What is the 3d root of 

ejj' + a^— 40a^ + 96a?— 64? 

2. What is the third root of 

15aj* — 6a?+a?« — 6a?*— 20a?'+15a?» + l? 

S. What is the 4th root of 

216a»jc* — 216aa?' + 81a?* + 16a* — 96a*a?? 

4. What is the 5th root of 

80a;'— 4001^ + 32x^ — 800:* — 1 + lOo?? 

V 

I 

XXXDC. Extraction of the Roots of Numeral Quantities cfjing 

Hegree. 

By the above expression of the several powers, we may ex- 
tra6t anj root of a numeral quantity. Let us take a particular 
example. 

What is the 5th root of 5,443,532,400,000 ? 

In the first place we observe that the 5th power of 10 is 
100000, and the 5th power of 100 is 10000000000. Therefore 
if the root contains a figure in the ten's place, it must be sought 
among the figures at the left of the first five places counting 
fi*om the right. Also if the root contains a figure in the hun- 
dred -s place, it must be sought at the left of the first ten figures, 
l^iis shows that the number may be divided into periods of 
five figui:es each, beginning at die right. The number so pre- 
pared will stand 

544,35324,00000 (340 
243 



Dividend. 3013 (405 Divison 

544 35324 * 

* 00000 
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In the first place I find the greatest 5th power in 544. It is 
343| the root of which is 3* I write 3 in tne root, and subtract 
243, the 5th power of 3, fi'om 544. The remainder must con- 
tain 5 a* a: 4- 10 <*'«^ +» <^c. The 3, that part of the root al- 
ready found, and which, by the number of periods, must be 
300, answers to a in the formula/ 5 £^, that is, five times the 
fourth power of 300 will form only an approximate divisor, 
since the remainder consists of several terms besides 5 a* x; 
still it will enable Us to judge very nearly, and we shall find 
the right number after one or two trials. As the fourth power 
of 30 will have no significant figure below 10000, ^ we may 
consider 3 to be in the ten's place, with regard to the next 
figure to be found,) we may bring down only one figure of the 
next period to the remainder for the dividend, and use 5 times 
the fourth power of 3 for the divisor. The dividend is 3013 
and the divisor 405. The dividend contains the divisor at 
least 6 times, but probably 6 is too large for the root. Try 5« 
This gives for the first two figures 35. Raise 35 to the 5th 
power and see if it is equal to 544,35324. It will exceed it. 
Therefore try 4. The fifth power of 34 is 544,35324. Hence 
34 is right. Subtract this firom the number, there is no re-^ 
msdnder. There is still another period, but it contains no si^** 
nificant figure, therefore the next figure is 0, and the root is 
340. The 5th power of 340 is 5,443,532,400,000. If there 
had been a remainder after subtracting the 5th power of 34, it 
would have been necessary to bring down the next figure of 
the number to it to form a dividend, and then to divide it by 5 
times the 4th power of 34 ; and to proceed in all respects as 
before. 

The process of extracting roots above the second is very te« 
dious. A method of doins it by logaritluns will hereaflier be 
shown, by which it may be much mate expeditiously per* 
formed. 

Examples. 

1. What i6 the 5th root of L5937022465957 ? 

2. What is the 4th root of 3646pl 58961 } 

For this, the fourth root may be extracted directly, or it may 
be done by two extractions of the second root. Let the learner 
do it both ways. 
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I 

It is very important to reroen]][>er how these quantities may 
be separated into factors. Since multiplication is perfcnrned 
by adding the exponents, and division by subtracting them, any 
quantity may be sepairated into as many factors as we pfease^ 
by separating the exponent into parts. Thus, * 



— /» J 



iv,..^:. Jx. J 



• - 

The sum of all the exponents in the last expression is 5. Lo>- 
garithms are of the same nature as these exponents, and afford 
as great a facility in operating upon numbers, as these do upon 
letters. And the operations are performed in the same way, 
as will be explained hereafter. 

If the learner should ever have occasion to read other trea- 
tises on mathematics, he will generally find the roots express- 
ed by what are called radical signs. The second root is ez- 

9 

pressed with the sign ^ , the third root \/ the same sign 
with the index of the root over it. The 4th root is 4/ , ifac. 

a* = y'T 
a* =r y' o 

3 6 

a^ = ^a^ 



2 5 3 



2^ a^ 6^ = 4/2a*b',&c. 

They will be easily understood if the radical sign be removed, 
and the exponents divided by the index of the root or the quan- 
tity enclosed in a parenthesis, and the root written over it. 

The expression y^5a*6* becomes 

5* a^ 6* = (5 a* 6')*. 
The expression -v/^* + ^* '*s equivalent to (a*+ 6*)* 
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XLI. Binomial Theorem. 

It has already been remarked that the powers of any quanti- 
ty are found by multiplying the "quantity into itself as many 
tmies, less one, as is expressed by the exponent of the power. 
Sir Isaac Newton discovered a method, by which any quantity 
consisting of more than one term may be raised to any power 
whatever, without goin^ through the process of multiplication. 

The principle on which thb method is founded is called the 
Binymial Theorem. Its use is very important and exteiisive in 
algebraic operations. 

Next to quantities consisting of only one term, binomials, or 
quantities consisting of two terms, are the most simple. 

Let a few of the powers of a -f*- «* be found and their forma- 
tfoQ attended to. 

(« + a?)' = * a + * 



if '\'ax 



cfx '\-2aa? ^s^ 






a* + 3 a*aj + 3 a*aj^ + aa?* 

a*x + 3 o'a;' + 3 a.a?* + 0?* 

a + ^ 

a* + 4 a*cr + 6 a'o^ + 4 a^o?* + aaJ* 

a^ X "{' A cf of '\'Q if x^ + 4aa?* •4-*' 

(a'\-xY=^ «• + 5 a* a? + 10 ff » r» + 10 a»x» + 5 a X* + a?* 
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Hie law of the formation of the literal part is sufficiently 
manifest. 

In each power there is one term more than the mmiber de- 
noting the power to which it is raised. The first power con- 
sists of two terms, the second power of three terms, the third 
power of four terms, &c. 

In every power a is found in every term except the last, and 
ac is found in every term except the first. The exponent of a in 
the first term is the same as the exponent of the power to 
which the binomial is raised, and it diminishes by one in each 
succeeding term. 

The exponent of a? in the second term is 1, and it increases 
by one in each succeeding term, until in the last term it is the 
same as that of a in the first term. 

The law of the coefficients is not so simple, though it is not 
less remarkable. 

The coefficients of the first power, viz. a -J- x, are 1,1; those 
of the second power are 1, 2, 1. These are formed from the 
first as follows. When a is multiplied by a, it produces a*, 
and no other term being produced like it, there is nothing add- 
ed to it, and it remains with the same coefficient as the a in the 
multiplicand. In multiplying x by a and afterward a by Xj 
two similar terms are produced, having the coefficients of the 
a and x in the multiplicand, viz. 1 and 1 ; "and the addition of 
these forms th*3 2. The other 1 is produced like the first. 

The coefficients of the third power are 1, 3, 3, 1. The Is 
are produced from the second power, as those of tlie second 
power are produced from the first. In multiplying 2 a,x by a, 
the term produced is 2 a* a?, having the coefficient of the se- 
cond term of the multiplicand ; and in multiplying a* by a?, the 
term produced is a* a:, similar to the last, and having the coeffi- 
cient 1 of the first term of the multiplicand. The addition of 
the coefficients of these two terms produces the 3 before a* x. 
That is, the coefficient of the second term of the third power is 
fonned by adding together the coefficients of the first and se- 
cond terms of the second power. In the same manner it may 
be shown, that the coefficient 3 of the third term of the third 
power is formed by adding together the coefficients of the se- 
cond and third terms of the second power. 

The following law will be found on examination to be ge- 
neral. 
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The coefficieat of the first term of every power is 1. The 
coefficient of the second term of every power is formed by add- 
ing together the coefficients of the first and second terms of 
the preceding power. The coefficient of the third term of 
every power is formed by adding together the coefficients of 
the second and third terms of tne preceding power. The co- 
efficient of the fourth term of every power is found by adding 
together the coefficients of the tliird and fourth terms of the 
preceding power. And so of the rest. 

This law, though perhaps sufficiently evident by inspection, 
may be easily demonstrated. 

Suppose the above law to hold true as far as some power 
which we may designate by n. The literal part of the nth 
power will be formed thus. 



a", a*^' J?, a"~* at?*, a**"' x^ ax* *, a:». 

We cannot write all the terms without assigning a particular 
value to n. We can write a few of the first and last. The 
points between show that the number of terms is indeterminate ; 
there may or may not be more than are written. 

Suppose that A is the coefficient of the second term, B that 
of the third, &c. and let the whole be multiplied by a + x^ 
virhich will produce the next higher power, or the (n-|- l)th 
power. 
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In this result we observe that the exponents of both a and x , 
are increased by 1 in each term, and there is still one term 
without X and another without a. Before the terms of the pro- 
duct were added, there were twice as many terms iiT the pro- 
duct as in the multiplicand, but they have all united two by 
two except the iSrst and last. The terms C a«~^ a?* and Fa* 
0if^^ have not united with any others, but it is evident that they 
would have done so, if all the terms could have been written. 
There is then one more term in this power than in the last. 

The coefficient of the first term is still 1. That of the se- 
cond is the sum of tlie coefficients of the first and second terms 
of the multiplicand, viz. 1 4- A. That of the third is the sum 
of the coefficients of the second and third terms of the multi- 
plicand, viz. A 4~ B ; &c. 

The above formula shows that if the law above mentioned is ^ 
true for one power, it will be so for 'the next higher power. 
We have seen that it is true for the 5th power, therefore it will 
be true for the 6th ; being true for the 6th, it will be so for the 
7th, &c. 

Let the coefficients of several of the first powers be written 
without the letters, forming them by tlic above principle. 

First observe that (a -f- a?)® = 1. v 

Adding to this 1 gives 1, and then again on 4he other 
side gives 1. Hence we have 1, 1 for the coefficients of the 
first power. 

Adding to the first 1 gives 1 ; adding 1 and l>gives 2, and 
then 1 and are 1. Hence the coefficients of the second pow 
er are 1, 2, 1. 

Again, 0+ 1 = 1; 1 +2 ==3; 2+1=3; 1+0=1. 
Hence 1, 3, 3, 1 are the coefficients of the third power. 

Again, + 1=1; l+3 = 4;3 + 3 = 6;3 + l=4; 
and 1+0=1. Hence 1, 4, 6, 4, 1 are the coefficient9of the 
fourth power. 

Again, 0+1=1; 1+4 = 5; 4 + 6 = 10; 6 + 4 = 10; 
4 + 1 = 5; and 1 + 0=1. Hence 1, 6, 10^ 10, 5, 1 are the 
coefficients of the 5th power, &>c. 
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The Coefficients of the first Ten Potoen/ 

1 

1 1 
12 1 
1-3 3 1 
, 1 4 6 A 1 

1 6 10 10 5 1 
1 6 15 20 15 6 1 
1 '7 21 35 35 21 7 1 
1 8 28 56 70 56 28 8 1 
1 9 36 84 126 126 84 36 9 1 
1 10 45 12P 210 252 210 120 45 10 1 

Here we observe that the first row of figures taken obliquely 
downward is the series of numbers 1, 1, 1, &c. 

r 

The second row is the series of natural numbers, 1, 2, 3, 4, 
5) &c. whose differences are 1. 

The third row is the series 1, 3, 6, 10, 15, <&c. whose differ- 
ences are.the last series, viz. 1, 2, 3, 4, &c. 

The fourth row is the series 1,4, 10, 20, 35, &c. whose dit 
ferences are the last series, viz. I9 3, 6, 10, &c. Each succes- 
sive row is a series, whose differences form the preceding row. 

We may observe farther that the coefficient of the second 
term of any power is the term of the series 1, 2, 3, 4, &c. de- 
noted by the exponent of the power. That of the second pow- 
er, is the second term $ that of the third power, the third term ; 
that of the nth power, the nth term. But this being the series 
of natural numbers, the number which denotes the place of the 
term is equal to the term itself, so that the coefficient of the 
second term will always be equal to the exponent of the 
power. 

The coefficient of the third term of any powier is the term of 
the series 1, 3, 6, 10, &c. denoted by the exponent of the povi^ 
er diminished by 1. That of the third power is the second 
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teini, that of the icmrth power the third teim, that of the nth 
power the (n — l)th term, 6lc» 

The coefficient of the fourth term of any power -is the term 
of the series !« 4, 10, 20, &c. denoted by me exponent of the 
power diminished by 2. That of the fourth power is the se- 
cond term, that of the fifth power is the third term, that of the 
nth power is the (n — 2)th term. And so on as we proceed to 
the right, the place of the teim in the series is diminished 
byl. 

We may observe another remarkable fact, the reason of which 
will be manifest on recurring to the formation of these series 
We shall take the 7th power Tor an example, though it is equal- 
ly true of any other. 

The coefficient of the second term, riz.^?, is the sum of 7 
terms of the preceding series 1| If 1, dSus.and was in fact form- 
id by adding them. 

The coefficient of the third term, 21, is the sum of the fu-st 
six tenns of the preceding series, 1, 2, 3, &c. and was actually 
fofined by adding them, as may be seen by referrii^ to the Sx- 
mation. 

T%e coefficient of the fourth term, 85, is the sum of the first 
five terms of the preceding series, 1^ 3, 6, 10, <£lc. and was 
formed by adding them. 

The same law continues through the whole. If now we can 
discover a simple method of finding ihe sums of these series 
without actually forming the series themselves, it will be easy 
to find the coefficients of any power without forming the pie- 
ceding powers. This will be our nei^ uifiuny. * 

XLII. Suamnalian cfSeriei by D^firaiees. 

It is not my purpose at present to enter very minutely into 
the theonr of series. I shall examine only a few of the most 
simple of them, and those principally with a view of demon- 
strating the binomial theorem. 

A series by differences is several numbers arranged together, 
the successive terms of which differ firom each other by some 
regular law. ^ 
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I call a flerieB of Ae Snt order that, in which all the tenni 
are alike, as 1, 1, i, 1, &c. 3,J3, 3, 3, &a:. a^OyO^ Oj &,g. In 
these the difference is zero. 

The sum of all the terms of sock a series is evidently found 
by multiplying one of the terms b^ the number of tcnns in the 
series. Eveiycaseofmultiplication is an example of finding 
the sum of such a sencs. 

The sum s of a number n of teiins of any series a, a, a, &jt 
is expressed 

When a = 1, it bec<»nes « =: .. 

1 

A series in which the terms increase or diminish by a con- 
stant difference, is called a series of the second order. As 1, 3, 
3, 4, 5, &c. 3, 6, 9, 12, &c. or 12, 9, 6, 3. A series of this 
kind is formed from a series of the first order. The differences 
between the successive terms form the series firom which it im 
derived. 

At present I shall examine only the series of natural nun 
bers 1,2, 3, 4, ^ ...... n. 

This series is formed as follows : 

+ 1 = 1 

1 + 1=2 
1+1+1=3 

1+1 + 1 + 1^ = 4 
1 + 1 + 1 + 1 +1=5, (fee. 

The sum of any number n of tenns of the series 1, 1, 1} l, &«• 
is equal to the »tn term of the series 1, 2, 3, 4, &c. 

Write down two of these series as follows and add the eaih 
responding terms of the two together. 

1, 2, 3, 4, 5 
6, 4, 3, 8, 1 

6y 6| 6| 6} 6 
18* 
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1, 8, 8^ 4, . . . (ii-»),(iH^),(i>--l,) n 



(n+l),(tt+l),(»+l),(n+l). .•(n+1), (ii+l),(ii+l),(»+l) 

The 6tfi term of the series is 6, and it appears that 5 times 
6 will be twice the smn^of 5 terms of the series. 

The (ii + l)lh term of the series 1,^ 3, 4»&c.ifiin+l. It 
appears that n times (n + 1) will be twice theswnof ntetmsof 
the series. 

The sum ^ of any number 'n of terms may be expressed 
thus. 

1.2 

It is frequently convenient to nse the same letter in similar 
situations to express different values. In order to distinguish 
it in different places, it may be marked thus, «, /, ^'i^^^^ which 
may be read t, i prime, s second, s third, Slc. 

How many times does the hammer of a clock strike in 12 
hours ? 

In this example n :^ 12 n -{- 1 = 13. 

• * 

^^ ^ ^^ » tF8. An. 78 times. 

1 X 3 

The rule expressed in words is ; To find the ium cfany nffsi- 
ber of terms of the series 1, 2, 3, 4, &c. find the nejpt suceeedtt^ 
term in the series, and muUipb/ ii by ihs iwmber of terms in t& 
serieSf and divide the product by 1. 

The same thing may be proved in another form which is 
more conformable to the method that will be used for the series 
of the higher orders. 

&ippose it is required to find the sum of the -first five tenns 
of the series. 

^ The sixth term of the series is the sum of 6 terms of the 
ries, 1, 1, 1, &c. thus 

1+1+1+1+1+1=6. . 
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be wriltefi down five times, one uncier tbe 
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If this series be divided by a line parsing diagonally through 
It, so that the part below and at the left of tlie line may con- 
tain one terra of the first series, two of the second, three of the 
third, four of the fourth, and five of the fifth ; the terms so se- 
parated will form the first five terms of the series 1, 2, 3, &c. 
There will be the same number of terms above and at the right 
of the line, which will form the same series, if the terms be 
added vertically instead of horizontally. 




1, t, 1,\1, 1, 
1, 1, 1, l\l, 1 

1, 1, 1, 1, l^sl 

« 

It is easy to see that this seriet conliitued to any number of 
terms will be formed twice over ia this way, if the noiBber of 
series written under each other is equal to the number of terms 
required and the number of terms in each series exceed the 
number of terms by one. And the reason of it is manifest firom 
the manner in which the two series are formed. 

Hence n times the series consisting of n + 1 terms of the 
series 1, 1, 1, 1, &c. will be twice the sum i' of n terms of the 
series 1, 2, 3, 4, &c. 

That is, 2 f' = n (n + 1) and / =z ^Al+ll. 
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A series of fXe iAm'iI ordsr 18 one, the diffisiwoe of the Boeces- . 
Ave terms of which is a series of the second order. I shall 
consider only the series formed from the series 1, 3, 3 dec. 

Finrnathn* 



*-' 



+ 1 = + 1= 1 

1+3 = 1 + 3= 3 

1+3 + 3 = 3 + 3= 6 

1+2 + 3 + 4 = 6+4 = 10 

1+2 + 3 + 4 + 5 =10+5=15 
1+2 + 3+4+5 + 6= 15 + 6 = 21, dLC. 

The first term of the series 1, 2, 3, &c. forms the first term } 
the sum of the first two terms forms the second ; the sum of 
the first tliree forms the third term, &c. and the sum of n terms 
will form the nth term of the series 1, 3, 6, 10, &c. 

Let it be required to find the sum of the first five terms of 
the series 1, 3, 6, 10, 15, 21, &c. 

The sixth term of this series is the sum of the first 6 terms 
of the series 1, 2, 3, &c. 

— ® ^ '^=21=6thterm. 



1+2+3+4+5+6 



2» 



Write this series five times one under the other, and draw a 
line diagonally so as tb leave on the left and below, the first 
term of the fint, the first two of the second, the first three of 
the third, &c. and the first five of the fifth. 

1,\2, 3, 4, 6, 6 

V\3, 4, 6, 6 

2, 3>s4, 6, 6 

3, 3, 4\6, 6 



1. 



2, 3, 4, 6,\6 
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. The %ufei s<> cut oflT^mn the first five terms of the series 

1, 3y 6, IO9 15, <&c. the sum of which we wish to find. It will 
now be shown that the sum of the terms on the right and 
above the line, is equal to twdce the sum of those below and 
at the left. 

By the nile given above for .finding the sum of the series 1, 

2, 3, i&e. 



The sum of 1 term, or 1 



_1 X 2 
2 



The sum of 2 tenns, or 1 + 2 = ?2L?, 

\ ' ^ 2 



T1)^ sum of 3 terms, or 1+2 + 3 



_ 8X4 



The sum of 4 tenM» <Mrl+2 + 3+4 =s liL ^ 

The sum of 5 terms, orl+3 + 3 + 4 + 6 = iiU. 

Heiiee 2(1) =1X2 

2 (1 + 2) =2X3 

2(1+2 + 8) =3X4 

- 2(1+2+3 + 4) =4X6 

2(1+2 + 3 + 4 + 6) =6X6 

That is, the 2 is twice the 1, 

The two threes are twice (1+2), 

The three fours are twice (1+2 + 3), 

The four fives are twice (1 + 2 + 3 + 4), and 

The five sixes are twice (1 + 2 + 3 + 4 + 6), 

Since the part below the line ibnns the series wilose sum is 
required, and the part above the line is equal to twice that be- 
low, both parts together are equal to tliree times the series 1, 
3, 6, 10, 15. Therefore if 21, which Is the next term in the 
series, and which is also the sum of the series 1, 2, 3, 4, 5, 6, 
be multiplied by 5, the number of terms to be summed, and 
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divided by 3, the cjuotient will be the sum of the series ie« 
quired. 

It is easy to see that if the series 1, 2, 3, • • • (n -{- 1) be writ« 
ten n times and divided by a line like the above, the part be- 
low the line will form n terms of the series 1, 3, 6, 10, &c. 
And the part above the line will be equal to twice the psut be- 
low, because the sum of n terms of the series 1* 2, 3, &c. is 

»(n + l) 
1X2 

Therefore to find the sum of n terms of the series 1, 3, 6, 10, 
multiply the (n 4- l)th term of that series by n and chvide hy 
3, ^d the quotient will be the sum required. 

But the (n -f 0^^ ^^'^ of the series is equal to the sum of 
( II -|- I) terms of the series 1, 2, 3, 4, Slc. ' The nth term of 

this series being ^Ildbi), the (n + l)th term vrilLbe 

(n + l)(n + 2) 
1X2 

This being multiplied by n, the number of tera^, and dhriiM 
by 3, gives 

n(ii+l)(ii + 2) 
1X2X3 

Hence the sum tf' of n terms of the series will be expressed 
thus^ 

^/- n(n+l)(n + 2) 
1X2X3 

A series of the fourth order is one, the difierence of whose 
terms is a series of the third order. 

I shall at present consider only the one formed jGrom the 
series 1, 3, 6, 10, 15, &jo. 



I 
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0+1 « 0+ 1= 1 

1+3 = 1+ 8= 4 

1+3+6 =4+6 = 10 

1 + 3 + 6+10 = 10 + 10 = 20 

1+3 + 6+10+15 =20 + 16=85 

1+3 + 6 + 10 + 15 + 21 =35+21 = 66 

The first term of the series 1, 3, 6, &c. is the fint tenn of the 
new series ; the sum of the first two tenns forms the second ; 
&c. the sum of n terms will form the nth term of the new 
series. • 

It is required to find the sum of five terms of this series. 

The sixth term of this series is equal to the sum of the fint 
six terms of the preceding. 

1+3+6 + 10 + 15 + 21= 1-^LZ2L| = 66- 

Write this series ^ve times, one under the other, and sepa- 
rate it into two parts by a line drawn diagonally in the same 
manner as was done with the last series. The terms below the 
line will form the series whose sum is required^ and the terms 
^ above the line will be equal to three times those below. That 
is, the whole mil be four times the sum required. 

1,\ 3, 6, 10, 15, 21 

1, sX 6, 10, 15, 21 

1, 8, flXlO, 16, 21 

1, 3, 6, 10^\16, afl 

1, 8, 6, 10, IV 21 
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By the rule g^Ten above for finding the iam of the 'series I, 
3, 6, 10, Sic. 

The sum of one term, or 1 -^ =1. 

# 

The siftd of two terms, or 1 + 3 = ^-^ = 4. 

Th6 sum of three terms, or 1 +3 + 6 =5 £2^= 10. 

Tltt«Bnoffoarterms,cMrl + 8 + 6+10= i21i^ = 20. 

' 3 

The sum of five terms, or 1+3+6+10+16 = ^^— = 35. 

The five 21s are 3 times 1+3 + 6 + 10 + 15. 

The four 15s are 3 times 1 + 3 + 6 + 10 

and so of the rest. 

It is easy to see that this principle will extend to any number 
of tenns. 

Therefore to find the sum of n terms of the series 1, 4, 10, 
2^^^kc., multiply the (n + l)th term of the saies by n,* and 
iltfiAe the product by 4, and the quotient will be the sum re- 
<ftiired. 

But the (n + l)th term pf this series is equal to the sum of 
(fi + 1) tenns of the preceding series. 
The nth term of the preceding series being 

n(n + l)(n + 2y 

1X2X3 

the (fi + l)th temi will be 

(n + l)(n+2)Cii + 3) 
, 1 >C 2 X 3 

This being multiplied by n and Avided by 4» ghroi 

,//;^ n(n + l)(n + 2)(ii + 8) 
1X8X3X4 
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XLin. The principle of summing these series may be 
proved generally as follows: 

Let IjOjbjCjd . , . . . .1 heB. series of any order, such that 
the sum of n terms noRiy be fgimclby itiultiplyii^ the (n + l)th 
term by n, and dividing the product by m. If Z is the (n + 1) 
th term, and 5 the sum of all the terms, we shall have by hy 
pothesis 

9 = — y and m 5 =3 n Z. 
m 

That is, n {will be m times the sum of the series. The next 
higher series witf b^ formed fiom.this.^ fpllowa : 



1 


= Ist term. 


1 -f- . .'• . , . 


= 2d « 


1 +a + b 


= Sd « 


t^a^b^e .' - . 


=:4*b « 




sc 6th- " 



I +a + b + c + d + ....k =nth « 
I +a + b + c + d + ....k + l=i {n + l)th. 

Thft first term 1 of the original series 1, a, fr, &c., forms the 
first, term of the new series ; the sum of the first ti^o forms 4be 
second term ; the sum of theMEmIt mr^eformsr the third term, 
&c.,'and the sum of (n -|- 1) terms forms the (n -f- l)th term. 



lie! the series formki^ the* (il ^ 1)A ^tehn, be writteti n 
timef y one under the other, term for term. And let a line be 
drawn».diaffonall]^, so th^t ^e f^rst; term of.theivBt mw^ Ike 
firs^two of the secdtut^roiiCfahd^in terms' of the nth row may be 
at the' left, and below the line. 



MC 



Algebra. 
• 1, \a, 6, c, df, 



*, / 
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1, a, \ 6, c» «t • ^ ' 



1 a, h\cf df. if t 



h «f ^9 Cf \4 i> / 



h Of hf Cf if 



*, I 



J/ 



ly Of bf tf df • \hf I 



\j a^ h^ Cf df . kf\l 



The temui below and at the left of the lixfe, £3fm n tmoB of 
the new series. It is now to be shown that the tenns above, 
and at the right of the line, are equal to m times tiliose below, 
and, consequently, that the whole together are equal to m + 
1 times n terms of the new series. 



By the hypothesis 

The sum of one term, or 1 



1 a 



Hie sum of two tenos, or 1 ^f* a 



2b 



Hie sum of three^jtennsy or 1 -^a + h 



• J » 



Hie sum of four tenns, orl +a ^h 4- « 



/; 



3 c 



4d 



Thesamofiitennsiorl +a4>ft-f>e + <f + **A = 



nl 
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ri liidtii^mg/both membeK of the aboTe eqinitioni hy m 
m. I = 1 • 

m{l + a) =26 

m{l + a + b) = 3 c 

m{l + a + b + c) =4 J 

m(l-f'^ + ^ + c + *'+-'**) =n/ 

Hence it appears, that a is m times 1 ; 2 & is m times (1 -f- a) 
Slc. ; and nlism times (1 -{-a-f-&-|*<^ + ^+-*-*^); that 
is, the part above and at the right of the hne, is m times the 
part at the left and below ; consequently the whole, or n times 
the (n + l)th term of the new series, Mrill be (m -f- 1) times 
the sum of n terms of the, same series. ^ 

. . We have already examined all the scries as far as the fourth 
order; and have found the above hypothesis true so far. Let 
us suppose the series 1, a, &, &c. to be a series of the fourth 
order, in which we have found that the sum of n terms may be 
obtained by multiplying the (n -|* 1^)^ term by n, and dividii^ 
the piMuct by 4 ; in mis case m is equal to 4. The series 
foimed from this will be a series of the 5th order, and m + 1 
= 4 4- 1 = 5* Therefore by the above demonstration it ap- 
pears that the sum of n terms of a series of the 5th order may 
oe obtained by multiplying the (n -{- l)th term by n, ^and 
dividing the product by 5. 

If now the series, 1, a, &, <&c., be considered a series of tli» 
dth order, m = 5 and m -}- I = 6. Hence the same princi- 
ple extends to the 6th order. 

If then we continue to make 1, a, i, &c., represent one se- 
ries after another in this way, we shall see that the principle 
will extend to any order whatever of this kind of series. 

We have then this general rule ; 

To find the sum of n tenns of a series of the order denoted 
by r, derived from the series 1, 1, 1, &c., mtdtiply the (n + \)ik 
ienn of the series by n and dit>ide iheprodud by r. 

Also, the 9ith term of the series of the cider r, is equal to tb 
sum of A terms of the series of the order r — 1 • 
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Wlien:th»Mri«sif of the fisrt ovdec, the mb of « mom is 

i-lor" 
1 1 

The sum of (n 4- 1) terms of this series is "^ . This is 

the (n -f^ 4 )th term of the series^f the second otd^p. Thig 
multiplied by n and divided by 2 gives the sum of n ieims of 
the series of the second order: 

. n (n 4- 1) 

1x2 

The sum of (n -|- 1} terms of the same series is 

(n+l)(n + « ) 
1 X 2 

This is the (fi + l)th tenn of the series of the third order. 
This multipliea by n and divided by 3 gives the sum of nteim» 
sfUu4 series: 

n{n + l){n + 2) 

1X2x3 

The sum of (n + 1) terms of .the last series is 

(n-f l)(n + 2)(n + 3) . 
1X2X3 

This is the (n -}- l)th tenn of the series of the fourth <»der. 
Hiis multiplied by n and divided by 4 gives the sum of n terms 
of the series of the fourth order : 

n{n+l) (n + 2)(» + 3) 
1X2X3X4* 

Hence for the series of the order r we have this fonnula : 

n(n + l) (n + 2)(n+ 3). . .. (n + r— 1) 
1X2X3X4X r 

We have examined only tfie series formed from the series 1 
' 1^ 1> I9 &c^ which aw sufficient. for oar present purpose. The 
principle may hd g^ieralised so as to &iid the sum of any series 
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of the kind, whatever be the cnrigmal series, and whatever be 
the first terms of those fonned from it. 

XLIV. Binomial Theorem. 

Before reading this article^ it is recommended t6 the learned 
to review article XLL 

Let it now be required to find the 7th power of a +«. Tht 
letters without the coefHcients stand thus ; 

o', a* a?, a* x*, of «', a' a?*, a* a?*, a a:*, a?'. 

The coefficient of the first term we observed Art. XLI, is 
always 1. That of the second term is 7, the exponent of the 
power, or the 7th term of the series 1, 2, 3, &c. 

V 

The coefficient of the third term is the sixth term of the 
series of the third order 4,-% 6, 10, &c. which is the sum of six 
terms of the series 1, 2, 3, (fee. This sum is found by multi- 
plying the 7th term of the series by G and dividing the product 
by 2. But the 7th term is 7, the coefficient last found. 

t2<2 = 2l'. 

V 2 

The coefficient is 21. 

The coefficient of the fourth term is the 5th term of tbft 
series 1, 4, 10, &c., or it iathe sum of five terms of the precedr 
ing series. The sum of five terms of the series 1, 3, 6, &c.> is 
found by multiplying the 6th term by 5 and dividing the pro- 
duct by 3. The 6th term is the coefficient last found, viz. 21. 

iilHl = 35. 
3 

The coefficient is 35. 

The coefficient of the fifth term is the fourth term of the 
series of the fiflh order 1, 5, 15, &c., or it is the sum of 4term9 
of the preceding series. The sum of 4 terms of the series 1, 
4, 10, &c. is found by multiplying the fifth term of the series 
by 4 and dividing the product by 4. The fifth term is the co* 
efficient lost fou^d, s\%, 35. 

19* 
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4 

The coefficient is 35. 

The coefficient of the 6th tenn is the 3d tenn of the series 
af the sixth order, which is the sum of 3 tenns of the series of 
the 5th order. The sum of 3 terms of this series is finind by 
multiplying the 4th term by 3 and dividing the product by 5. 
The 4th tenn is the coefficient last found, viz. 35 

3 X 35 _ «- 

The coefficient is 21. 

The coefficient of the 7th term is. the 3d term of the series 
of the 7th order, which is the sum of two terms of the series of 
the 6th order. The 3d term of this series is the coefficient last 
found, viz. 31. 

2 X 21 _ y 
6 

The coefficient is 7. 

The coefficient of the last term is 1, though it may be found 
by the rule 

L>L^ = i. 

7 

Hence the 7th power of a -|- x is 

^ + 7a«a? + 21aV f35aV-f 35a*a?*+21a»(»* + 7tfcc*+«» 

Examining the formation of the above coefficients, we ob- 
serve, that each coefficient was found by multiplying the coef- 
ficient of the preceding term by the exponent of the leading 
quantity a in that term, and dividing the product by the num- 
ber which marks the place of that term. Thus the coefficient 
of the third term was found by multiplyiq^ 7, the coefficient of 
the second term, by 6, the exponent of a m the second term, 
and dividing the product by 2, the number which maifcs the 
place of the second term. This will be true for all cases, be- 
cause that exponent must necessarily show the number of terms 
of which the sum is to be found ; the coefficient will al\rays be 
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the tenn to be multiplied, .foecause ihe number of Cenns al- 
ways dimioisbefl by 1 finr the sueceisiTe coefl|cieiitq^ i^ the 
place of the term always marks the order of the series ef which 
the sum is to be found. 

Hence is obtained the following general rule. 

Knomn^ i1\e coeffijdertt of any term in the pow&r^ the doefficient of 
the, stuxeedin^ term is fimnijl bg nmbipbfii^ the tio^fkimt. of the 
known term by the exponent of the leading quantity ih tkai term, 
and dividing the product by the number wmm iiit,arks die place of 
that term from thefrstm 

Ihfi coefficient of the %$t tenia, being iilways 1» is always 
known. Therefore, beginning mlh tUs, all tiie others may be 

found by the rule. 

It may be farther observed, that the coefficients of the last 
half of the terms, are the same as those of the first half in an 
inverted order. This is evident by looking at the coefficients, 
page 207, and observing that the series are the same, whether 
taken obliquely to the left or to the right. 

It is also evident from this, that a -f ^ is the same as 2; -f- a, 
and that, taken fi'om right to left, x is the leading quantity in 
the same manner as a is the leading cpiaatify from left to 
right. 

Hence it is sufficient to find coefficients of one half of the 
terms when the number of terms is even, and of one more than 
half when the number is odd. The same coefficients may then 
be written before the corresponfling terms counted from the 
ncrht. 

In the above example of the 7th power, the coefficients of 
the first four terms being found, we may begin on the right, 
and put 7 before the second, 21 before the Siird, 35 before 
the fourth, and then the power is complete. 

EijcampUs, 
» > 

1. What is the 7th power of a + a? ? 

Ans. a' + 7 a'x + 21 a»«» + 35 a* a?' + 35 a^ x* + 21 a«ap» 

4.7ajc*+ap\ 
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2. Wbitistbo 10tbpowerofa + «f 

262(fa^ + 210 al'x* + 120 a'x' + 45 a* a? + 10aaf + x'\ 
S. What is the 9th power of a + bf 

4. What is the 13th power ofm + nf 

5. What is the 3d power f^2ac+df 
Make 2 ac=:h. 

The 2d power of & +d is b* + 2bd+^. 

Paitiifg 2'ceihe value of 6 into this, instead of ft, observing 
that &*=::: 4 n^ c*, and it becomes 

4a*c'4-4acd + £p. 

6. What is the 3d power of 3 <^+2bdf 
Make a = 3 c* and xz=z2bd. 

The 3d power of a + a? is a^ + Sefx-j-Saa^ + a^. 
Put into this the values of a and x and it beccnnes 
27 c" + 64 c* 6 d + 36 c» 6" cP + 8 6* d", 
which is the 3d power of 3 e* -f- 2 i (i. 

7. What is the 3d power of a -^i& ? 

Make x= — &, then having found the 3d power o{ a + x 
put — i in the place of a; and it becomes 

a»~3a«6-f3a6*— 6», 

which is the 3d power of a — bi 

In fact it is evident that the powers of a — 6 will be the 
same as the powers of a + ^j ^i^ ^^ exception of the signs. 
It is also evident that every term which contains an odd power 
of the term affected with the sign — must have the sign — , 
and every term which contains an even power of the same 
quantity must have the sign +. 

8. What is the 7th power of m — n ? 

9. What is tlie 4th power of 2 a — btff 

10. What is the 5th power of a* c — 2 c* ? 



11. What is the 3d power of a + 6 + ^? 

' Make m = 6 4- c. / Then a + ^ == rf 4-i 4^r^. ' . 

The 3d power of a -}- m is a' -}- ^ a* m + 3 a m''+ m% . .; 

Svbstkutiiigt theiie Vdu^s^of n4 il>^>tlihd po#9t of #+ i 4" ^ 
will be . . 

a'+3a*6+3a»c4-3a6*+5a«c.-f.Sac*4-J*+13iV+^^^ 

12. Wfctt is the 8d pdwer of a— 6 + cf . ^ 

*^ake a — 6 i= m, niise m + c46 the 3d power, ^d thto'sub 
stitute the value of ;». 

which is the same as the last, except that the terms which con* 
tain ^e odd powers of & hai^ the sign •^. 

Henoe it is evident that the powers pfanjr compound Opan-. 
tity whatever, may be found by the binomial theorem, if the* 
quantity be first changed to a binomial with two simple terms, 
one letter being made equal to sener^J, that binomial raised to 
the power required, and then the pioj^r letters restored in their 
places. 

19. What ta the 2d power of tf -f* + fi — rf? 

Ans. a* + 2 ab + b* + 2UC+ 2h € — 34^— 26rf+c* 

— 2cd + cP. 

14. What 19 the 3d pqwer of 2 a — 6 -J- c* ? , 
16. What is the 7th power of 3 a* — 2 o* i? 

16. What is the 4th power of 7.ft' + ^ 4? ~ dP ? 

17. What is the 13th power of o» — 2 *■ ? ^ 
18 What is the 6lfcpower((ifrf-^C4— 2,ti* 

19. Wtot is the 3d power of « — 3 i -f c" iJl 

20. What is the 3d pow^ of a — ft — 2c* — JPf 

21. What is the 6th power of 7 a* 6* — 10 a* c*? 



JUg^lra. XLV. 



XLV. The nde for finding the coefficients of the powers of 
binomials may be derived and expressed more generally as 
follows : 

It is required to find the coefficients of the nth power of 

It has already been dbsenred. Art. XII., that the coefficient 

of the second term of the nth power is the nth term of the se- 
ries of the second order, 1, 2, 3, &c., or, the sum of n terms 
of the series 1, 1, 1, &c. ; that the coefficient of tke third 
term is the sum of (n — 1) terms of the series of the second 
order; that the coefficient of .the fourth tennis the sum of 
(n — 2) terms of the series of the third order, <fec. So that . 
the coefficient of each term is the sum of a number of terms 
of the series of the order less by one, than is expressed by the 

Clace of the term ; and the number of terms to be iised is less 
y one for each succeeding series. 

By Art. XLII. the sum of n terms of the series 1, l, l, is 

I The sum of (n — 1) terms of the series of the second 
order is 

1X2 
The sum of (n — 3) terms of the. series of the third coder is 

» (n ■— i) (n '^. 3 )l 
1X2X3"" 

Hence (a + «)" s= «« + 2 a"^' « + "^("T^^ a •"• «» 
^ . 1 1X2 



«(n-i)(n-.2)^^^ ^ 
1X2X3 ^ 

It may be observed that n is the exponent 6f d in the first 

term, and that n or its equal - forms the coefficient of the se- 
cond term. 1 
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The coefficient of the third term is !: multiplied by , kx 

multiplied by (n — I) and divided by 2. But (n — 1) is the 

exponent of a in the 3d term, and 2 marks the place of the 
second term from the left. Therefore the coefficient of the 
third term is found by multiplying the coefficient of the second 
term by the exponent of a in that term, and dividing the pro- 
chict by the nun^ber which marks the place of that term m>m 
the left. 

By examining the other terms, the following general rule 
will be found true. 

Multiply the coefficient of any term by the exponent of the leadr 
tf^ quantity in that term^ and divide the product by the number that 
marks the place of that term from the m^ and you wHl obtain the 
coefficient of the next succeeding term. Then diminish the exponent 
of the leadmg qua$itity by 1 and increase ikat if the other by 1 a$id 
the term is complete. 

By this rule only the requisite number of terms can be ob- 
traied. For j^*, which is properly the last term of (a -|- x)\ 
is'the same as cf x\ If we attempt by the rule to obtain ano- 
ther term from this, it becomes x a"^ x^^ which is equal to 
zero. 

It has been remarked above, that the coefficients of the last 
hdlf of tHe terms of any power, are the same as those of the 
fapX reversed. Tins may be seen from the general expression : 

If » = 7, then? = Ij irii =5; !L:=1=|; 

1 1* 2 2* 3 8 

n — 3__4_. ii-r-4_3. »— 5_-2. 

« 

;•.»—- 6 1 



This furnishes the following fractions, viz. 

h l> 'f > t> f > f > V 



I — 



. Tl^ ficst of these is the coefficaent of th^ s^ond term ; the 
coefficient- of the second multiplied by f forms the coefficient 
of the third term, &ic. 

^ X I = 21. 21 X f =i^'46. 

Now 35 multiplied by ^ :£s 1 will apt be (dtef^ ; hemi^ two 
successive coefficients will be >alike. 21 'multiplied by 4 pro- 
duced 35 ; so S5 multiplied by | nmat reyr^dilc^ 21. la this 
'way all the terms will be reproduced ; for the last half of tbe 
fractions &re the first half inverted. 

This demonstration might be made noore general) but it is 
not necessary. 



XLVL Progresaion by Diff&remtj or Arithakfiml Progresnon. 

A series' <if nmbere increamg or decreasing by a constant 
difference, is called a progression by differeTice^ and sc^aetimes 
an arithmetical progresston. 

Thefkfrt of .the two fc^kxwing series is. an example of an ii^ 
^reasingi and the secoxulvof a decreasing, progression by dif- 
ierence. 



6, 8, 11, 14, 17, 20, 23 

50, 45, 40, 35, 30,* 25, ,20 



It i9 easy> to find aoy term in the series without calculatiBg 
the inteaiiodinte terms, if we know the first tenn, ttie eommon 
difference, and the number of that term in the series reckoned 
from the first. : . - 

Let a be the first term,r the commoA difftrence, and n the 
number of terms. The series is 

a, a + r, a •}^2r,^-4^ 3r ..►..^4t^^{n'*-4^r,,a'-h(»: — l)r. 

•• • • \ 

The points are used to show that some terms are left 

out of the expression, as it is impossible to express the whole 
until a particular value is given to n. 

Let I be the term required, then 

l:^a + {n — l)r. 
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Hence, any term may be found by adding the product of the 
common difierence by the number of terms less one, to the first 
term. 

Example. 

What is the 10th term of the series 3, 5, 7, 9, &c. 
In this a = 3, r =2, and n — 1=9. 

/ = 3+9x2=:21. 
[n a decreasing series, r is negative. 

Exampk. 

What is the 13th term of the series 48, 45, 42, <fec. i 

a = 48, r = — 3, and n — 1 = 12. 

/ = 48 4-(12x— 3)=48 — 36 = 12. 

Let a, b^ c, be any three successive terms in a progression by 
di (Terence. 

By the definition, 

i — a=c — b 

26=« + c» 

6 = l±f. 
2 

That is, if three successive terms in a progression by differ- 
ence be taken, the sum of the extremes is equal to twice the 
mean. 

Example. ^ 

I^t the tlirce terms be 3, 5, and 7. 

2x5 = 7+3= 10. 

Example 2d. Let 7 and 17 be the first mi last term, what 
IS the mean ? 

20 
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2 

Let a, bjC d^he four successive terms of a progression by 
diflference. 

b — a=rd — c 

That is, the sum of the two extremes is equal to the sum of 
the two means. 

Example. 

Let 5, 9, 13, 17, be four successive terms. 

9 + 13 = 17 + 5=22. 

Lcta,&,c,rf,e A, », ^, ?, be any number of terms in a 

progression ky differences ; by the definition we have 

'' . '. 

6 — a:=LC'-^bz=id — c = e — d = t — h=ik — i = Z— A. 

b — a = Z — k 

c — i = i — t 

d — c = t — A, &c. 

which by transposition give 

a + I z= 6 + ^, 

6 + A: = c + t. 

c + 1 = d + A, dec. 

Tliat is, if the first and last be added together, the second 
and the last but one, the third and the last but two, the sums 
will all be equaL 

Example. 
Let 3, 5, 7, 9, 11, 13, be such a series. 
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3, 5, 7, 9, 11, 18, 
13, 11, 9, 7, 5, 3, 



16, J 6, 16, 16, 16, 16. 

It will now be easy to find the sum of all the terms in any 
progression by difference, and that even when but part of the 
terms are known. 

Let S represent the sum of the series, then we have 

S = a+6 + c + d + h + i + k + l 

Also S=:l + k + i +h + ....d+c + b + a. 

Adding these term to term as they stand. 

But it has just been shown that 

a + Z=:6 + A; = c + t, &c. 

That is, all the terms are now equal, and one of them be- 
ing multiplied by the whole number of terms will give the 
whole sum : thus 

2«S = i»(a + Z) 

2 • 

Hence, the sum of a series of numbers %n progression by differ- 
ence is one half cf the product of the number of terms by ilik sum of 
the first and tost terms. 

Example. 

How many strokes does the hammer of a clock strike in 12 
hours i 

a == 1, Z = 12, and n = 12. 

S = HiL±J^ = 78. ^7M. 78 strokes 
2 

In the formula I z^ a + {n — 1) r; substitute d instead of 
r to represent the difference ; thus 

'/ = a + («— l)d 
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This fonnula and tha folloiiring 

contain five different things, viz. a, /, n» d^ and jS^; any three 
of which being given, the other two may be found, by combia- 
ing the two equations. I shall leave the learner to trace these 
himself as occasion may require; 

Bxampks in Prcgremcn by Difference. 

1. Bow many strokes do the clocks of Venice, which go on 
to 24 o'clock, strike in a day f i 

2. Suppose 100 stones to be placed in a straight line 3 yards 
asunder ; how far would a person travel who should set a bas- 
ket 3 yards fr<»n the first, and then go and pick them up one 
by one, and put them into the basket ? 

3. After A^ who travelled at the rate of 4 miks an hour, had 
been set out 2f hours, B set out to overtake him, and in 
order thereto went four miles and a half the first hour, four and 
three fourths the second, five die third, and so on, increasing 
his rate one fourth of a mile each hour. In how many hours 
will he overtake A f 

The above example is solved by using both the above for- 
mulas. The known quantities are the first te^l^ the difference, 
and the sum of all the terms. The unknown are the last terms 
and the number of terms. It involves an equation of the se- 
icond degree.. It is most convenient to use a?, y, &c. for the 
unknown quantities. 

4. A and B set out from London to go round the world, 
(24990 miles,) one going East and the other West. A goes 
one mile the first day, two the second, three the third, and so 
on, increasing his rate one mile per day. B goes 20 miles a 
dav. In how many days will they meet, and how many miles 
will each travel ? 



5. A traveller sets out for a certain place, and travels 1 
the first day, 2 the second, and so on. In 5 days afterwardSi 
another sets out, and travels 12 miles a day. How long and 
how far must he travel to overtake the first "^ 



XLYH. Ckameiried Progressum. S33 

6. A and B 165 miles distant fiom each other set out ^th a 
design to meet; A travels 1 mile the first day, 2 the second, 
3 die third, and so on. B travels 30 miles the first day; 18 the 
jecondi 16 the third, and so oft. How soon will they meet f 

Ans. They will be together on the 10th day, and continuing 
.that rate of travelling, mey may be togedier ligain on the 33d 
day. Let the learner explain how this can take place. 

7. A person makes a mixture of 51 gallons, consisting of 
brandy, rum, and water ; th^ quantities of which are in arith- 
metical progression. The number of .gallons of brandy and 
-rum together; is to the number of gallons of rum and water 
together as 8 to 9. Required the quantities of each. 

Let X = the number of galloils of rum. 

and y = the conunon difference. 

Then x — y, a?, and a? + y will express the three quantities. 

8. A number consisting of three di^ts which are in aritb- 
metical progression, being divided by the sum of its digits, gives 
a quotient 48 ; and if 198 be subtracted firom the number, the 
digits will be inverted. Required the number. 

9. A person employed 3 workmen, whose daily wages were 
m arithinetical progression. The number of days they worked 
was equal lo the number of shillings that the second received 
per day. The whole amount of their wages was 7 guineas, and 
the best workman received 28 shillings more than the worst. 
What were their daily wages ? 

Progression by difference is only a particular case of the 
series by difference, explained Arts. XLII. and XLIII. All the 
principles and rules of it may be derived from the formulas 
obtained there. It would be a good exercise for the learner 
to deduce these rules from those formulas. 



XLVII. Progression by Quoiknti or Geometrical Progreedon* 

Progression by quotient is a series of numbers such, that if 
any term be divided by the one which precedes it, the quotient 
18 the same m whatever part the two terms be taken. If the 

20* 
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Berkf i» inBteanng, die qaofient will be greater tliiii unity, if 
decreasing, the qoolieiit will be lesa than luutj. 

The folkiwii^^ leiiaB are examples of this, kind of p t ogr efr 
sion. 

73, 24, 8, I, I, ,V 

In the first the quotient (or ratio^ as it is generallj called,) ia 
3, in the second it is i. 

Let a, i, c, d, » • . . i, 2, be a seiies of this kind, and let ^ re-» 
present the quotient 

Then we have by the definition, 

h^c^d^e I 

From these equations we derive 

(=:a^, c==Jy, d:::icqy eirzdq l=zkq* 

Putting successively the value of 6 into that of c, and that of 
c into diat of d, &c., they become 

6 = a9, e-sza^j d:=ia(f, c=iaq\. . . .1:= aq *~', 

designa^g by n, the rank of the term 2, or the number of terms 
in the proposed progression. 

Any term whatever in the series may be found without find* 
ing the intermediate terms, by the f(Hmula 

l=zaq •"*. 

Example. 

What is the 7th teim of the series 3, 6, 13, &€• f 
Uera a = 3, j = 2, and n — 1=6. 

{=3X 3*srl93. .Jif. 193. 
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We may abo find the miDi of any nondber of terms of the 
{Mrogreaiion 

If we add the equations 

h=zaq^ c:=zbqj d^izeq, t^ndq Izi^hq^ 

we obtain 

Observe that the first member is the sum of all the terms of 
the progression except the - first, a, and the part of the secona 
member enclosed in the parenthesis, is the sum of all the terms 
except the last, I; and this, multiplied by j, is equal to the 
&st member. 

Now putting £> fi>r the sum of all the terms, we have 

6 + c + rf+c + Z = S — a 

d ^ b J^^ c '\' d '\' 6 -^ • ^» • mJcss^ S — )• 

Hence we conclude that t 

• - • 



which gives 



3-1 



Example. 

What is the sum of seven terms of the series 

5, 15, 45, &c. 

^^ 3x3645-5 ,^^^ 
3—1 

The two equations 



l = og«-',andS^g^~^ 

}— 1 
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contain all tl|e lelati^Hi^ of tlie fiw qaan&ies 4x, 4 ?) f»9 and 5 ; 
any three of which being given, the other two may be found. 
It would however be difficult to find rt, without the aid of lo- 
garithms, which will be explained hereafter. Indeed loga- 
rithms will greatly facilitate the calculations in most cases of 
geometrical progression. Therefore we shall give but few ex- 
amples, until wc have explained them. 

If we substitute a q^"^ in place of 2, in the expression of 5, it 
becomes 

When q is greater than unity, the quantity q^ will become 
greater as n is made greater, and S may be made to exceed 
any quantity we please, by giving n a suitable value ; that is, 
by taking a sufficient number of terms. But if g is a fraction 
less than unity, the greater the quantity n, the smaller will be 

the quantity q\ Suppose 9 == — , m being a number greater 



m 



than unity, then 



»-=4 



Substitating — in place of $" in tlic expression of IS, and it 
III* 



becomes 






1-1 

m 



Chan^ng the signs of the numerator and denominator, and 
multiplymg both by m, 

amil — — I am — JUL am — — 

Q — ^ "**^ = ^ = «^ 

"~ m — 1 m — 1 m — 1 • 

It is, cedent that the larger n is or the more terms we take 
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in the progressioni the cmaller will be the qaantitjr ^ and 



consequently the nearer the vsdue of S will approach 

from which tt^flSns only by ^e quantity 

a 



am 



m 



T» 



(m— 1) 



m*-' 



But it can never, strictly speaking, be equal to it, for the 

quantity ~ will always have some value, howevei 

(fH — — 1 ) wi*~ 

large n may be ; yet no quantity can be assumed, but this er- 

prei^sion may be rendered smaller than it. 

The quantity is therefore the linut which the sum 

fit — 1 

of a decreasing progression can never surpass, but to which 

the value continually approximates, as we take more terms in 

lbs 



In the progression 

h h h h tV» <tc. 

a=l 1 = J. 
m 

Hence S = -L>L? — - ^ «=:2— _1 p 

2—1 (2 — 1) X2*^* 1 X S'*' 

In this example the more terms we take, the nearer the sum 
of the series will approach to 2, but it can never be strictly 
equal to it. Now if we consider the number of teims infinite} 

the quantity — will be so small that it may be omitted 

1 X -^ 
without any sensible error, and the suin of the series may be 
said to be equal to 2. - 

By itMag nore and more temm we tppraach % Uttu^ 



. 1 



1 =s 3 — 1 

l + * + i + l + TV = 2 — iV.&«. 

Srnfftpfci* 

What is the sum of the series 1, i, i, tt» ^* contioued to 
an infinite number of terms ? 

a = 1, — = 
m 3 

3—1 2 

2. What is the sum of the series, 5, (, f, ^y, &c. continued 
' to an infinite number of terms ? 

3. What is the sum of the following series contained to in- 
finity? 

4. What is the sum of the following series continued to in* 
finity? 

208, 26, Qi, if, &c. 

5. What is the sum <^the following series continued to in- 
finity ? 

- 3?,4|, H,^,&c. 

6. What is the lOth term of the series 

5, 15,45, d^c.f 

7. What is the sum pf 8 terms of the series 

35, 175, 875, &c. ? 

When three numbers are in geometrical {sogresnon, the 
middle term is called a mean proportional between the other 
two. 
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Let three numben, a, 6, c, be in geometrical progression, so ^ 
that 



• 


a b 


We have 


V=ac 


and 


b = (a/:)* 


8 Find a mean 


proportional between 4 and 9. 




. 4 _ cr 

X 9 




^• = 36 




jt = 6. 


9. Find a mean 


propoitional between 7 and 10* 


10 Find a mean proportional betweeir2 and 3 



Am. 6. 



^ XLVllI. Logarithms. 

We have seen, Art. XXXVI, with what facility multiplica- 
tion, xli vision, the raising of powers, and the extraction of roots 
may be performed on literal quantities consisting of the same 
letter, by operating on the exponents. We propose now to 
appTy liie same principle, though in a way a little different, to 
numbers. 

Multiplication, wc observed, is performed by addins the ex- 
ponents, and division by subtracting the exponent of the divisor 
from that of tlie dividend. 

Tlius a' X a* is a^^ = cf. And —^ is J^ = a*. 

In the same manner 2* X 2* = 2*^ = 2*^ 

and £ = 2^^=r2% 

2» 

Let us make a table consisting of iwo columns, the first con- 
taining the different powers of 2, and the second the exponents 
oir those powers. 
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I 



Observe first that c^ = 1, so also V =: 
€»=8, 2* = 16, 2» = 32, 2*=i64, 2' 

TABLE. 



Powers. 


Ezpon. 


Powerf. 


Expon. 


1 





128 


7 


2 


1 


256 


8 


4 


2 


512 


9 


8 


3 


1024 


10 


16 


4 


2048 • 


11 


32 


5 


4096 


12 


64 


6 


8192 


13 



: U 2^ = 
= 128, &c. 


2, 2V=4, 

• 


Powernw 
16,384 
32,768 
65,536 


* 

ExpML 

14 
15 
16 


131,072 
262,144 

524,288 


17 
18 
19 


1,048,576 


20 



Suppose now it is required to multiply 256 by 64. We find 
by tl^ lible that 256 is the 8th power of 2, that is 2*, and that 
64 is 2*. Now 2* X 2* = 2H^ = 2". Returning to the table 
again and looking for 14 in the colunui of exponents, against 
it we find 16384 for the 14 th power of 2. Therefore the pro- 
duct of 256 by 64 is 16384. 



This we may easily prove. 



256 
64 



1024 
1536 

16384 



Multiply 256 by 128. 

Finding these* numbers in the table in the column of powers, 
and looking in the other column for the exponents, we find 
that 256 is the 8th power of 2, and 128 the 7th power. Add- 
ing the exponents 8 and 7, we have 15 for the exponent of 
the product. Now looking for 15 in the column of eitponents, 
we find wainst it in the column of powers, 32768 for the 15th 
power of 2, which Is the product of 256 by 128. Let the 
learner prove this by multiplying 256 by 128. 

Divide 8192 by 32. 

Looking for these numbers in the column of powers, and for 
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the corresponding exponents, we find 8192 is the 13th power 
of 2, and 32 is the 5th power^i 

1. =2"-* = 2*. 
2» 

Looking for 8 in the column of exponents, and fin* its corre- 
sponding number, we find 256 for the 8th power of 2, or the 
quotient of 8192 by 32. 

Divide 32768 by 612. 

The exponents corresponding to these numbers in the table 
are 15 and 9. 15 — 9 = 6. In the column of exponents, 6 
corresponds to 64, which is the true quotient of 32768 by 512. 

What is the 3d power of 32 ? 

The exponent corresponding to 32 is 5. Now to find the 
3d power of a* we should miStiply the exponent by 3, thus 
flfiXa :- a'\ So the third power of 2? is 2«><3.= 2". Against 
15 in the column of exponents we find 32768 for the 15lli 
power of 2. Therefore the 3d power of 32 is 32768. 

What is the 2d power of 128 ? 

The exponent corresponding to this number is 7. 7x2 = 
14. The number corresponding to the exponent 14 is 16384, 
which is the second power of 128. 

What is the 8d root of 4096 ? 

The exponent corresponding to this number is 12. 

The 3d root of 2" is 2 '^ = 2\ 

ft 

Th^ number corresponding to the exponent 4 is 16, which 
is the 3d root of 4096. 

What is the fourth root of 65,536 ? 

The exponent corresponding to this number is 16 which 
divided by 4 gives for the exponent of the root 4, the number 
corresponding to which is 16. The answer is 16. 

21 
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1. Multiply 512 by 256. 

2. Multiply 8192 by 128. 

3. Multiply 2048 by «56. 

4. Divide 262,144 by 128. 
6. Divide 1,048,576 by 512. 

6. Divide 524,288 by 131,072. 

7. What is the 2d power of 1024 i 

8. What is the 3d power of 64 ? 

9. What is the 5th power of 16 .^ 

10. What is the 2nd root of 262,144 ? 

11. What is the 3d root of 262,144 i 

12. What is the 4th root of 1,048,576 ? 

13. What is the 5th root of 1,048,576 ? 

14. What is the 6th root of 262,144 ? 

The operations of multiplication, division, and the extrac- 
tion of roots are very easy by means of this table. This table 
however contains but very few numbers. But an exponent of 
2 may be found for all numbers-from 1 as high as we please. 
For 2* = 2, and 2' = 4. Hence the exponent of 2 answering 
to the number 3 will be between 1 and 2 ; that is, 1 and a 
fraction. So the exponents answering to 5, 6, and 7, will be 2 
and a fraction, d^c. 

XLIX. A table may also be made of the powers, of 3, or of 
4, or any other number except 1, which shall have the same 
properties. Exponents might be found answering to every 
number from 1 upwards. 

3* = 1, 3' = 3, 3» = 9, 3»=:27,&c. 

The column of powers will always consist of the numbers 1, 
3, 3, &c. but the colunm of exponents will be different accord- 
ing as the numbers are considered powers of a different num* 
ber. 
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The foiTOula a*=:y will apply to every table of this kind. 

If any number except 1 be pat in tlie place of a, and y be 
made successively 1, 2, 3, 4, a suitable value may be found for 
Xy which shall answer the conditions. 

If a be made 1, y will always be 1, whatever value be given 
to cr; for all powers, as well as all roots of 1, are 1. 

But if any number greater than 1 be put in the place of a, y 
may equal any number whatever, by giving x a suitable value 

Giving a value to a then, we begin and make y successively 
J , 2, 3, 4, &c. and these numbers will form the first column or 
columns of powers in the table. Then we find the values of 
X corresponding to these values of y, and write them in the se- 
cond column against the values of y, and these form the column* 
of exponents. These exponents are called logarithms. The 
first colunm is usually called thh column of numbers, and the 
second, the colunm of logarithms. The number put in the 
place of a, is called the base of the table. Whatever number 
is made base at first, must be continued through the table. 

Observe that a^ = 1 ; therefore whatever base be used, the 
logarithm of 1 is zero. And 1 will be the logarithm of the base, 
for a* = a. 

The most convenient number for the base, and the one g^ 
nerally used .in the tables, is 10. 

10' = 1, 10* = 10, 10» = 100, 10' = 1000, 10* = 10000, 
10* = 100000, 10' = 1000000, &c. 

Now to find the logarithm of 2, 3, 4, kc. 

Make 10* = 2, 10* = 3, 10* = 4, &c. 

For all numbers between 1 and 10, cr must be a firaction«b^ 
cause 10" = 1 and 10' = 10. 

Make x zn — , then it becomes 

z 

\^ 

10' =2. 

As the proceds for finding the value ofz in this equation is 
Ions and rather too difiicult for young learners, we will suppose 
it already found. 
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— =s .90108 verj neariy. 

z 

Hence 10"« '^^^ = 2 very nearly. 

To understand this, we must suppose 10 raised to the 90103d 
power, and then the 100000th root of it taken, aqd this will 
differ very little from 2. The number .30103 is the logarithm 
of 2. The fractional part of logarithms is always expressed in 
decimals. 

Having the logarithm (^ 2, we may find the logarithm of 4 
by doubling it, for 2» = 4. That of 8 = 2' is found by tri- 
pling it, and so on. 

The logarithm of 4 is .30103 X 2 = .60206. 

The logarithm of 8 is .30103 X 3 = .90309. 

The logarithm of 16 is .30103 X 4 = 1.20412, 8cc. 

_4 771313 

Again 10 ''^^^"^^ = 3 very nearly. 

Hence the logarithm of 3 is^ .4771219. 

Since 2 X 3 ==: 6, the logarithm of 6 is found by adding the 
lagarithm of 2 and 3 u^ther* 

.30103 + .4771213 = .7781613 = logarithm of 6. 

Since 3* = 9, the logarithm of 9 is found by multiplyii^. that 
of 3 by 2. With the logarithms of 2 and 3 the logaritmns of all 
the powers of each, and of all the multiples of the two may be 
found. 

The logarithm of $ may be found by subtracting that of 2 
from that of 10, since 5 = V. The logairithm of 10 is 1. 

1 — .30103 = .69897 = log. of 6. 

Now all the logarithms of all 4he multiples of 2, 3, 5, and 10 
may be found. Hence it appears that it is necessary to find 
the logarithms of the prime numbers, or such as have no divi- 
sor except unity, by trial ; and then the logarithms of all the 
compound numbers uvany be found from them. 

The deeimal parts iff the logarithms of 20, 30, Sec. are the 
same as those of 2, 3, 4, &£c. For, since the logarithm of 10 is 
I ; that of 100, 2 ; that of 1000, 3, &c., it is evident that add- 
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me these logarithms jto the logarithms of any other nomben, 
wUl not alter the decimal part. Hence 1 added to the loga^ 
rithm of 2 forms that of 20, and 2 added to the logarithm of 2 
forms that of 200, fcc. 

Log. 2 = .30103, log. 20 = 1.30103, log. 200 = 2.30103 
log. 2000 = 3.30103. 

The logarithm of 25 is 1.39794 ; that of 250 = 26 X 10 i« 
1 + 1.39794 = 2.39794; that of 2500 = 25 X 100 is 2 + 
1.39794=3.39794. 

The logarithms of all numbers below 10 are fractions, those 
of all the numbers between 10 and 100 are 1 and a fraction ; 
those of all numbers between 100 and 1000 are 2 and a frac- 
tion ; those of all numbers between 1000 and 10000 are 3 and a 
fraction. That is, the whole nmnber which precedes the fraction 
in the logarithm is always equal to the number of figures in the 
number less one. This whole number is called the index or 
characteristic of the logarithm. Thus in the logarithm 2.3576423, 
the figure 2 is the characteristic showing that it is the loga- 
rithm of a number consisting of three figures or between 100 
and 1000. 

As the characteristic may always be known by the number, 
and the number of figures in a number may be known by the 
characteristic, it is usual to omit the characteristic in the table, 
to save the room. It is useful to omit it too, because the same 
fractional part, with different characteristics, forms the loga- 
rithms of several different numbers. 

The logarithm of 37 is 1.568202. 

?I = 3.7 = = lO-'*^ 

10 10 

The logarithm of 3.7 is .568202, which is the same as that 
of 37, wim the exception of the index. 

?Z5? = 37.62 = ]^!!^ =. lO*^**" 
100 10* 

tlzz^sz 3.762 = tT- = la 

1000 10" 

21 ♦ 



v 
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TiM is, an Auiibetfv winch «» teidbti, Ito onetji^be ofther, 
fasve tke some It^gai&tbM. 

876200 lias for its logarithm 5.575419. 

37620 " " 4.575419. 

3763 « •* S.575419. 

376.2 " 2.575419. 

37.62 •* 1.575419. 

3.762 « 0.575419. 

When a number consists of whole numbers and decimal 
parts, we find the firactional part of the logarithm in the same 
manner as if all the figures of the numl^r belonged to the 
whole number, but we give it the index corresponding to the 
whole number only. 

In most tables of logarithms tiiey are earned as far as seven 
decimal places. Some however are ooiy carried to five or six. 
The disposition of the tables is something different in different 
aets, but they are generally accompanied with an explana- 
don. When one set of tables is well onderstood, all others will 
be easily learned. The logarithms for the following examples 
may be found in any table of logarithms. They are osedhere 
as far as six places. 



Examplei. 

1. Multiply 43 by 25. 

Find 43 in the column of nmnbersi and agokist it liK the co- 
lumn of logarithm^ you will find 1.633468, and against 25 yoa 
will find 1.397940. Add these two logarithms tc^ether and 
their sum is the logarithm of the product. 

kg. 43 . 1.633468 

*• 25 ... 1.397940 



u 




1075 . . . . 3.031408 



md this logarithm in the column of logarithms, and against 
it in the column of numbois you find 1075 which is the product 
of 43 multiplied by 25. The index, 3, shows that the amnber 
must consist of four places. 
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Let the feamer prove Ae resalts at first by actual muhipli- 
cation. 

2. Multiply 2520 by 300. 

By what was remarked above, the logarithm of 2520 is the 
same ai9 that of 252 with the excepti(»i of. the index, and that 
of 300 id the same as that of 3 except the index. 

Find the number 252 in the left hand column, and against !. 
in the second column you find .401401. The number 2520 con- 
sists of four places, therefore the index of its logarithm must be 
(4 — 1) or 3. The logarithm corresponding to 300 is .477121, 
and its index must be 2, because 300 consists of three places. 

log. 2620 . . . . 3.401401 

" 300 . • . 2.477121 



« 756000 .... 6.878522 

Find this logarithm, and against it in the column of numbers' 
you will find 756; but the index 6 shows that the number 
must consist of 6 places ; therefore three zeros inust be annex- 
ed to the right, which makes the number 756000, which is the 
product of 2520 by 300. 

3. MuUiply 2756 by 20. 

* To find the logarithm of 2756, find in the column of num- 
bers 275, and at the top of the table look for 6. In the co- 
lumn under 6 and opposite 276 you find .440279 for the deci- 
mal part of the logarithm of 2756. The characteristic will 
be 3. 

log. 2756 . . . 3.44Q279 
"20 . . . 1.301030 



« 55120 . . • 4.741309 

Looking in the table for this logarithm* against 551 you will 
find .741152 and against 652 you will find .741939. ITie lo- 
garithm .741309 is between these two. Against 551, look 
along in the other columns. In the column under 2 you find 
the logarithm required. The figures of the number, then, ?ire 

* In lome tables tbs whole number 2756 may be found in the left hand co* 
lumn. 
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5512, but the characteristic being 4, the number must consist 
of five places ; hence annexing a zero, you have 55120 for the 
product of 2756 by 20. 

4. Divide 756342 by 27867. 

Both these numbers exceed the numbers in the tables, still 
ive shall be able to find them with great accuracy. First find 
the logarithm of 756300, vi^hich is 5.878694. The difference 
between this logarithm and that of 756400 is 58. The differ- 
ence between 756300 and 756400 is 100, and the difference 
between 756300 and 756342 is 42. Therefore, if yW = -42 
of 58 be added to the logarithm of 756300, it will give the lo- 
garithm of 756342 sufficiently exact, 58 X -42 = 24, reject- 
ing the decimals. 5.878694 + 24 = 5.878718. The 58, 
and consequently the 24, are decimals of the order of the two 
last places of the logarithm, but this circumstance need not be 
regarded in taking these parts. It is sufl&cient to add them to 
their proper place. 

* The table generally furnishes means of taking out this loga- 
rithm more easily. As the differences do not oflen vary an 
unit for considerable distance among the higher numbers, the 
difference is divided into ten equal parts, (that is, as equal as 
possible, the nearest number being used, rejecting the decimal 
parts) and one part is set against 1, two parts against 2, &c. in 
a column at the right of the table. 

In the present case, then, for the 4 (for which we are to take 
yV of 58,) we look at these parts and against it we find 23, and 
for the 2 (for which we must take j^-^ of 58,) we find 11. But 
11 is y\, consequently to obtain y fir we must take yV of 11 
which is 1, omitting the decimal. The operation may stand 
thus: 

log. 756300 5.878694 

yV of diff. 23 



a 



1 



log. 756342 5.878718 

^ To find the logarithm of 27867, proceed in t!:e same manner, 
mix finding that of 27860, and then adding y\ of the difference 
which will be found at the right hand, as above. 



N 



tog- 27960 
fj diff. 



4.444981 
109 



M« 



log. 27867 4-446090 



Fran log. dividend 
Subt: log. of divisor 



5.878718 
4.445090 



iog. of quotient 27.141 L433628 

We find the decimal part of this logarithm is between 
«4S35iO and -433770, the former of which belongs to the nunif* 
ber 2714, and the latter to 2715. Subtract 433610 from 
433628, the remainder is 18- Looking in the column of partsi, 
the number next below 18 is 17, which stands against 1 or ^j 
of the v^ole difference. 

Put this 1 at the right of 2714, which makes 27141. The 
characteristic 1 shows that the number is between 10 and 100« 
Therefore the quotient is 27.141. This quotient is correct to 
Iteee decimal places. 

If the table has no column of difierences, take the whole 
difference between .433610 and .433770, which is 160 for a 
divisor, the 18 for a dividend, amiexing one or more zeros. 
One place must be given to the quotient for each zero« 

1801160 
160] .1 



5l What is the 3d power of 25.7 ? 

log. 25.7 
Miiltiply bjr 3 



k>g- 



16974,6 



1.409933 
3 

4,229799 
Am. 16974.( 



6. What is the 3d root of 15 f 
log. 15 

log. 2.46621 



1.176091 (3 

. .392030 
Am. 2.4662+. 



L. Since a fraction consists of two numbers, one for the wst* 
Qierator and the other for the denominator, the logarithm of a 
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fiBction must consist of two logarithms ; and as a fraction ex- 
presses the division of the numerator by the denominiatori to 
express this operation on the logarithms, that of the denomina- 
tor must be represented as to be subtracted from the nume- 
lator. 

The logarithm of -J is expressed thus : 

log. 3 — log. 6 = 0.477121 — 0.698970. 

Tiie k>garithm of a fraction whose numerator is 1, may be 

expressed by a single logaritho,. Fori^is the same a« «-. 
If we would express the logarithm of ^ for example , 
lQ.4m»x _, 3^ consequently — ,,„„ = lO""-*""' = i. 

That is^ the logarithm of ^ is the same as the logarithm of 3^ 
except the sign, which for the fraction is negative. Any frac- 
tion may be reduced to the form — , but the denominator will 

a* 

consist of decimals or still contain a fraction* 

^ If 1.666 + 

If the subtraction be actually performed, on the expression of 
this fraction given above, it will be reduced to the logarithm 
of a fraction of this form. 

0.477121 — 0.698970 = — 0.221849. 

The number corresponding to the logarithm 0.221849 is 1.666 
+, but the sign being negative, shows that the number is 

1 



1.666 + 

,The logarithms of all common fractions may be obtained in 
either of the above forms, but they are extremely inconvenient 
in practice. The first on account of its consisting of two loga- 
rithms would be useless as well as inconvenient; because 
though we might find a logarithm corresponding to any flec- 
tion, yet in performing operations, a logarithm would never be 
found in that form when it was required to find its number. 
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The seccmd form is incoavenient because it is negative, and 
also because' in seeking the number corresponding to th^ loga* 
rithm^ a fraction would frequently be found with decimals in 
the denonunator. It would be much better that the whole 
fraction should be expressed in decimals. If the fraction is 
used in the decimal fonn, the logarithms may be used for them 
almost as easily as for whole numbers. 

Suppose it is required to find tlie logarithm of .5 or y'j. 

log. 6 — log. 10 = 0.698970 — 1 . = — 1 + .698970. 

Suppose it is required to find the logarithm of .Od or ^f ^. 



1 rk.edSfio — «4-e»897o. 

log. 5 — log. 100,= 0.698970 — 2 = — 2 +.698970. 

The logarithms of 10, 100, 1000, &c. always being whole 
numbers, we have the two parts distinct. The logarithm of .5 
is the same as that of 5 except that it has the number 1 joined 
to if, with the sign — , which is sufficient to distinguish it, and 
show it to be a fraction. The logarithm of .05 also is the same, 
except that — 2 is joined to it. That is, the logarithm of the 
numerator is positive, and that of the denominator negative. 

This negative number joined to the positive fractional part, 
serves as a characteristic, and is a continuation of the principle 
shown above ; thus 



The log. 


500 is 


2.698970 


it u 


50 


1.698970 


ii a 


5 


0.698970 


u u 


.5 


r.698970 


it tt 


.05 


¥.698970 



The logarithm of a decimal is the same as that of a whole 
number expressed by the same figures, with the exception of 
the characteristic, which is negative for the firaction ; being — 
1 when the first figure on the feft is tenths, — 2 when the first 
is hundredths, &c. It is convenient to write the sign over the 
characteristic thus, T, ~2^ <bc. It is not necessary to put the 
sign + before the fractional part, for this will always be uiH 
derstood to be positive. 



L . 



/* 
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A^ebra: 



L. 



In opomtii^ opon these numbers, the same rules ftiast be ol>- 
served as in other cases where numbers are found cosu^iected 
trith the signs -j- ^^nd — . 

When the first figure of the fi*actic« is tenths^ the character- 
istic is 1, when the fitst is hundredths, the characteristic is 2, 
&c. 

The log. of .25 is log. 25 — log. 100 

== 1 .397940 — 2 = — 2 + 1 .397940 =T.397940. 

This is the same as the logaiithn of 25, except that the cha- 
racteristic T shows that its first figure on the left is lOths, or 
€»ie place to the right of units. 

Multiply 325 by.23. 



log. 325 . . 
log. .23 • • 


2.511883 
1.361728 


log. 74.75 Ans. 


1.873611 


Multiply 872 by .097. 




log. 872 . . 
log. .097 


2.940516 

"5:986772 


• 
log. 84.584 Ans. 


1.927288 



In adding the logarithms, there is 1 to cany firora the deci- 
mal to the units. This one is posi^e, because the decimal 
partis so. 



Multiply .857 by .0093 / 
log. .857 
log. .0093 

log. .0079701 Ant. 

r 

Kvide T5 by .026. 

leg. 75 
log. .025 

log. 3000 Am. 



T.932981 
T.968483 

■5:901464 



1.875061 
"1397940 

3.477121 
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In sobtnictin^, the negtttive quantity is to be added, as ia 
fiigebraic quantities. 

Divide 275 by .047. 

log. 275 . . . 2.439333 
log. .047 . . "i;672098 

log. 5851.06.^115. . . . 3.767235 
Divide .076 by «30. 

log. .076 "T880814 = "a + 1.880814 
log. 830 . . 2.919078 

log. .0000915662 Ans. . *5:961736 

In order to be able to take the second from the first, I change 
tlie characteristic "2" into ~3 + ^ which has the same value. 
This enables me to take 9 from 18, that is, it furnishes a ten to 
borrow for the last subtraction of the positive part. In sub- 
tracting, the characteristic 2 of the second logarithm becomes 
' negative and of course must be added to the other negative. 

Divide .735 by .088. 

log. .735 , . . T86.6287 

log. .038 . . 2.579784 

log. 19.3121 Jlns. . 1.286503 

What is the 3d power of .25 1 
log. .25 . . "1397940 



log. 0.01 5625 Ant. T + 1 . 193820 = Tl 93820. 

What is the third root of 0.015625 ? 

The logarithm of this number is "2!! 93820. This character- 
istic "g* cannot be divided by 3, neither can it be joined with 
the first decimal figure in. the logarithm, because of the difier- 
ent sign. But if we observe the operation above in finding the 
power, we shall see, that in multiplying the decimal part uiere 
was 1 to carry, which was positive, and after the multiplication 
was completed, the characteristic stood thus, T + 1 which wii 

22 
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afterwards redaced to "S" Now if we addT + ^ ^ ^he T m 
the present instance, it will become X + I9 and at the same 
time its value will not be altered. The negative part of tho 
characteristic will then be divisible by 3, and the 1 being posi- 
tive may be joined to the fractional part. 

log. .016626 "T193820 = T + 1.193820(3 

log. .25 Ans. T397940 

« 

In aU cases of extracting roots offraciionsj V Ae negative cha- 
racterisiic is not divisibk by the number caressing the rooij ii must 
be made so in a similar manner. 

If the characteristic were T and it were required to find the 
fifth root, we must add "s" + ^ <u^^ it will become T +2. 

What is the 4th root of .357? 

log, .357 ".552668 = T+ 3,552668(4 

log. .77298 Ans. T.8881d7 

Any c(»nmon Auction may be changed to a decimal by its 
Ipgarithms, so that when the logarithm of a common fraction is 
required, it is not necessary to change the fraction to a decimal 
previous to taking it. 

It is required to find the logarithm of i coiresponding to i 
expressed in decimals. 

The logarithm of 2 bemg 0.30103, that of ^ will be —0.30103. 

Now — 0.30103 =z — 1 ^- 1 _ .30103 

= — 1 + (1 — .30103) =T.69897. 

The decimal part .69897 is the log. of 5, and —< 1 is the log*, 
of 10 as a denominator. Therefore T69897 is the log. of 
6 = i. 

Reduce | to a decimal. 

log. 5 0.69897 = _ 1 -f. 1.698970 

log. 8 0.903090 

log. 0.626 =s f Ans. T.795880 
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When there are several moltiplications and divisions to be 
performed together, it is rather more convenient to perform the 
whole by multiplication, that is, by adding the logarithms. 
This may be effected on the following principle. To divide 
by 2 is the same as to multiply by i or .5. Dividing by 5 is 
the same as multiplying by } or .2, &lc. 

Suppose then it is required to divide 435 by 15. Instead of 
dividing by 15 let us propose to multiply by y'^. First find the 
logarithm of j^ reduced to a decimal. 

log. 1 is = — 2 -j- 2.000000 

log. 15 subtract 1.176091 

log. y'j in form of a decimal T823909 

log. 435 add 2.638489 

log. 29 = quotient of 435 by 15 * 1.462398 

The lo/. of tV viz. 1:823909 is called the Arithmetic Comph 
ment of the log. of 15. 

The arithmetic complement is found by subtracting the logarithm 
of the number from the logarithm ofl^ mdch is zero^ but which may 
always be represented byT + 1, "2" + 2, 4^. It must alumys & 
^'epresented oy such a number that the logarithm of the number may 
be subtracted from the positive part. That is, it must always be 
equal to the characteristic of the logarithm to be subtracted^ plus 1 ; 
for 1 mu;st always be borrowed from ity from which to subtract ike 
Jraciional part. 

It is required to find the value of cr in the following equar 
tion. 



a? = / 35 X 28 X 56.78 y 
\ 387 X 2.896 / 



9M JttjgOtm. UU 

log. 35 1.544068 

log. 28 1.447156 

log. 56.78 1.754195 

log. 387 3.587711 Arith. Com. 1:412289 

log. 2.896 0.461799 " « T53^01 



1.695911 
3 

6.087733(5 



log. 10.4123 very nearly answer 1.017546 

I multiply by 3 to find the 3d power, and divide by 5 to ob- 
tain the 5th root. 

LI. There is an expedient generally adopted to avoid the 
negative characteristics in the logarithms of decimals. I shaJ] 
explain it and leave the learner to use the method he likes the 
best. % 

1. Multiply 263 by .37. 

log. .37 T.568202 

log. 253 , 2.403121 • 



log. 93.61 nearly answer 1.971323 

Instead of using the logarithm 1.568202 in its present form, 
add 10 to its characteristic and it becomes 9.568202. 

log. .37 9.568202 

log. 253 2.403121 

11.971323 
Subtract 10. 



log. 93.61 as above. 1.971323 

In this case 10 was added to one of the numbers and after- 
wards subtracted jfrom the result ; of course the answer must 
be the same. 

2. Multiply .023 by .976. 
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Talbeoiiitlieilogarithiiiiof these numbers and add 10 to 
each chftraeta^btic. 

log. .023 8.361728 

log. .976 ^ 9.989460 

18.361178 
Subtract 20 



log. .022448 nearly ans. 2.361178 

We may observe that, in this way, when the first left hand 
figure is tenths, the characteristic, instead of being T is 9, and 
when the first figure is hundredths, the chara.ctenstic is 8, &e. 
That is, the place of the first figure of the number reckoned 
firom the decimal point correspoiMls to what the characteristic 
falls short of 10. Whenever in adding, the characteristic ex- 
ceeds 10, the ten or tens may be omitted and the unit figure 
only retained. 

In the first example, one number only was a fi'action, vii. 
.37. In adding, the characterittic became 11, and omitting 
the 10 it became 1 , which shows that the product is a number 
exceeding 10. 

In the second es;ample both numbers were fi'actions, of course 
each characteristic was 10 too large. In adding, the charac- 
teristic became 18. Now instead of subtracting both tens or 
20, it is sufih&ient to subtract one of them,'and tiie characteris- 
tic 8, which is 2 less than 10, shows as well as W would doj 
that the product is a fraction, and that its first figure must be 
in the second place of fi*actions or hundredth's place. 

If three fractions .were to be multiplied together, there would 
be three tens too much used, and the characteristic would be 
between 20 and 30 ; but rejecting two of the tens, or 20, the 
remaining figure would show the product to be a fi-action, and 
show the place of its first figure. . 

2. What is the 3d power of .378 f 

1^. .378 . . . . 9.677492 
Multiply by * 3 

28.732476 
log. .06401 nearly ans. 8.732476 

22 * 
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Blalti^Tiaig by 8 » the sum ataUidg the iminVer t«me to 
itself. The characteristic-becomes 28, but omittiiig tivo of the 
tens or 20, it becomes 8, which shows it to be the logarithm of 
a fraction whose first place is hmidredths. 

If it is fequired to find the 3d root of a firaction, it is easy to 
aeCi that hating taken out the logarithm of the flection, it will 
be necessary to add two tens to we characteristic, for it is then 
co n s id e r e d the third power of some other firaction, and in raid- 
ing the fi-action to that power, two tens would be subtracted. 

In the last example the logarithm of the power is 8.732476^ 
but in order to take its 3d root, it will be necessary to add the 
two tens which were omitted. 

For the second root one ten must be prefioudy added, and 
Cmt the fourth root, three tens, ifec. 

4. What is the 3d root of .027 ? 

log. 027 / . • . 8.431364 
or coosid^ed as a 3d powelr 26.431364 (3 

log. .3. Afu. . . . 9.477121 

5. What is the 2d root of .0016 f 

log. .0016 . . 7.204120 

or considered a second power 1 7.204129 (2 
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log. .04. Am. 8.602060 

In dividing a whole number by a fraction, if 10 be added to 
the characteristic of the dividend, it cancels the 10 supposed 
to be added to the divisor. If both are fiactions the ten m the 
one cancels it in the other ; and if the dividend only is a firac- 
tion, the answer will of course be a less flection. Consequent- 
}y in division the results will require no alteration. 

6. Divide 57 by .018. 

log. 67 . • 1.755876 

log. .018 • . 8.255272 

log. 3166.7 nearly wt. ^ 3.500603 



lil 



9Mk 



Here m sabtractiiig I nqypose, 10 le lie added to the first 
characteristic, and say 8 mm 11, &e. 



9.336860 
7.778161 

1.668700 



7. Divide .2172 bjr .006. 

log. .2172 . » 

log. .006 

log. 36.2 Jln$. 

In taking the arithmetical compl^nent, the logarithm of XM 
oamber may be subtracted immediately from 10. The loga* 
ridmi of 2 being .301030, its arithmetical ' complement is 
T.698970. Adding 10 it becomes 9.698970. It would be the 
same if subtracted immediately from 10 thus 10 — .301030 
= 9.698970. 

8. It is required to find the taluo of a? in the following ez«» 
pression * 

» — JI A3.73 X >070 6V^ 
^ 113 \ Ji53 7 

log. 13.73 1.137670 

log. .0706 8.848806 

log. .253 9.403121 Arith. Com. 0.596879 \ 



Sum 



Product by 3 
Quotient by 2 



0*683364 
3 

1.750062 (2 



9. 



0.875031 
log. 17 ' 1.230449 

log. 112 2.049218 Arith. Com. 7.9501B2 

log. dr ss 1.13831 nearly 0.056263 

Find the value of op in the following equations. 



^ _ / 38.47 X >463 \ 
\ .037 X 676/ 



10 « - il5 7 872 X >006S V* 

*" 417' \.038x 4686/ 

-- _ 25 /873\'/278\* 

"• ' "" 476'- V 956 ; • Vl9^; 

12: ' 38* = 583. 

Observe that the 2d power of 38 is found by multiplying the 
logarithm of 38 by 2, the 3d power by multiplying it by 3, &c. 
^nich will give the logarithm of the result. ' Hence we have 
the following equation; the logarithm of 38 being 1.579784 
and that of 583 bemg 2.765669. y^ 

X X 1.579784 = 2.765669 

c. = ?:Z5^^^ 1.75066 + 
1.57978^^ 

The value of x is found by dividing one logarithm by the 
other in the same manner as other numbers. It might be done 
by logarithms if the tables were sufficiently extensive to take 
out the numbers. By a table with six places an answer cor- 
rect to four decimal places may be obtained. 

* 

In taking out the logarithms the right hand figure may be 
omitted without affecting die result in the first four decimals. 

log. 2.76567 . . 0.441800 

log. 1.57978 . . . 0.198596 

log. X = 1.75067 . 0.243204 

13. What is the value of a? in the equation 1537* = 52 } 
This gives first 1537 = 52*. 
This may now be solved like the last. 

LII. Questions relating to C&mpcmd Interest. 

It is required to find what any ^ven prHictpiftl'i? will amount 
to in a number n of years, at a given rate per cent, r, at ccmi* 
pound interest. , 

Suppose first, that the prini^pal '^ $1^ or £1, or one unit of 
money of any kind. 



LII* Comptnmd Jk$itreit 

The interest of 1 for one year is /^ , or simply r, if r ig 

considered a decimal. The amount of 1 £>r one year tbfln, 
will be 1 -f- ^* The amount of ji dollars will be ji (1 -f- r). 

For the second year, j? (1 + 1^) ^/^ ^ the principal, and the 
amount of 1 being (1 -j- r), the amount of p (1 -f- ^^^ ^ 
p(l+r)(l+r)oTp(l+ry. 

For the third year f{l+ry being the principal, the amount 
will be p(l + ry (1 + r) orp (1 + r)». 

For n years then, the amount will be |7 (1 + r)*. 

Putting ^ for the anj^unt, we have 

jj— j!>(l + r)«. 

This equ a ti o n contains four quantities, t^, |?, r, and n, any 
three of which being given, the olbor mmj te fooiid. 

Lo^^thms will save mttoh labour in calculations of this 
kind. 

JSrampJb. 

1. What will $753.37 amount to in 5| years, at 6 per cent. 
ecMnpound interest f 

Here p = 753.37, r = .06, luid n = 5}. 

log. 1 + r is: 1.06 . . 0.025806 

0.<!K)8163i 
3 

0.126530 

log. (l+r)** ... . . e.l36ftS0 

log. 753.37 .... 3.877008 

log. ^1030.462 Jbu. ' 3.013028 



S. What principal pat at interest will amount to 4»5000 in 
13 jean at 5 per cent c<»npound interest i 

Bjr the above formula 

_ A 



log. 1 + r =s 1.05 



n = 



log. A = 5000 



Subtract 
From 



0.021189 
13 

.063567 
21189 

.275457 

3.698970 

3.423513 



log. p = $2651.63 nearly Ans. 

3. At what rate per cent, must $378.57 be put at compound 
interest, that it may amount to $500 in 5 years i 

Solving the equation A =jp (1 + r)« making r the unknown 
quantify it becomes 



r + l 



-ifY 



log. A = 500 
log. p = 378.57 

Dividing by 



2.698970 
2.578146 

0.120824 (5 

0.024165 



log. (r 4- 1) = 1.05722 
Ck>n8eqttendy r =: 0.05722 Am. 

4. In what time will $284.37 amount to 750 at 7 per cent? 

Making n the unknown quantity, the equation^ =p (1 + r)* 
becomes 

log. J^ =n X log' (1 + »-)i «nd 
P 
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log.(l+r) 



log. .a =760 . . • 3.676061 

log. J? = 284 .37 . . . 3.463884 

log. J^ . . ... . 0.421177 

P 
log. 1 + r = 1.07> is 0.039384 

log. 0,421177 9.624464 

log. 0.029384 .... 8.468111 



log. n = 14.334 nearly Am. 1.156353 

6. What will be the compound interest of $947 for 4 years 
and 3 months at 5} per cent, f 

6. What will. j(157.63 amount to in 17 years at 4| per centi^ 

. 7. A note was given the 15th of March 1804, for $5SA6, at 
^ the' rate of 6 per cent, compound interest ; and it was paid the 
Idth of Oct. 1823. To how much had it amounted f 

8. A note was given the 13th of Nov. 1807, for j(456.33, and 
was paid the 23d of Sept. 1819. The sum paid was $894.40. 
What per cent, was allowed at compound interest ? 

9. In what time will the principal p be doubled, or become 
3 1?, at 6 per cent, compound interest f In what time will it 
be tripled ? 

JVote. In order to solve the above question, put 2pm the 
place of 4 for the first, 2p for the second, and find the value 
ofn. 

The principles of compound interest will appl}r to the follow- 
ing questions concerning the increase of populaticMi. 

10. The number of the inhabitants of the United States in 
A. D. 1790 was 3,929,000, and in 1800, 6,306,000. What rate 
per cent, for the whole time wjb the increase f What per 
cent, per year f 
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11. Suppose the rate of ineiMie to remain the same for the 
next 10 years, what would be the number of - inhabitants in 
1810? 

12. At the same rate, in what time would the number of in- 
habitants be doubled after 1800 ? 

13. The number of inhabitants in 1810 by the census was 
7^40,000. What was the annual rate of increase ? 

14. At the above rate, what would be the number in 1830 ? 

15. At the above rate, in what time would the nunftber in 
1810 be doubled ? 

16. The number of inhabitants by the census of 1820, was 
9,638,000. Whal w«s the annaal rate of im^^ase from 1810 
to 1820 ? 

17. At the same rate, wtmt is the number in 1825 f 

18. At the same rate, what will be the number in 1830 f - 

19. At the same rate, in what time will the number in 1820 
>e doubled f 

20. In what time will the number in 1820 be tripled ! 

21. When will the number of inhabitants, by the rate of the 
last census, be 50,000,000 f 

LIII. 1. Suppose a man puts $10 a year mto the savings 
bank for 15 years, and that the rate of interest which the bank 
is able to divide annually is 5 per cent. How much money 
will he have in the bank at the end of the 15th year f 

Sxxppose a = the sum put in annually, 
r = the rate of intcffesit, 
i = the time, 
•d = the amount. ^ 

According to the above rule of compound interest, the sum 
a at first deposited will amount to a (r -|- 1)S* that deposited 
the second year will amount to a (r + 1 )^' » that deposited 
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tho third year w^ll amount to a (r -f- 1)^' ; that deposited the 
last year will amount to a (r -f^ 1)^ Hence we have 

^ = a (r + 1)* + a (r + 1)^* + a{r+ l)*"* .... a (r + 1) , . .. 
= o[-(r + iy + (r+l)*-+(r+l)*-....(r+l)J 

* 

But {r -f- 1)*4 (r + 1)*~S A'C. is a geometrical progression, 
whose largest term is (r + 1)S the smallest r + 1, and the 
ratio r + 1. The sum of this progression. Art. XL VII. is 

(r + 1) [(r + 1)'- 1] 

r 

The same result may be obtained by another course of rea- 
soning. 

The amoimt of the sum a for one year is a + a r. Adding 
a ta this, it becomes 2 a -\- ar. 

The amount of this at the end of another year is ^a-^-ar 

+ 2ar + «'*'> or 2a + 3ar-f-«^« Adding a to this it 
becomes 

3a + 3or + or*. 

iThe amount of this for 1 year is 

3a-}-3ar + ar* + 3ar + 3ar' + ar*, 

= 3a + 6ar-}-4ar* + ar', 

= a (3 + 6 r + 4 r« + r> 

This is the amount at the end of the third year before (he 
addition is made to the capital. The law is now sufficiently 
manifest With a little alteration, the quantity 3 -j- 6 r -f- 4 r* 
+ r* may be rendered the 4th power of 1 + ^« The three last 
coefficients are already right. If we add 1 to the quantity it 
becomes 

4-|-6r4-4r» + r». 

Multiply this b^ r and it becomes 

4r + 6r*-{-4r* + f^. 
23 
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Add 1 again and it becomes 

1 +4r + 61^+4;^+^. 

This is now the 4th power otl + r^ and it may be written 

(1 + r)\ 

' Subtract the 1 which was added last, and it becomes 

(l+r)'-l. 

Divide this by V, because it was multiplied by r, and it be- 
comes 

(1 + ry - 1 

Subtract 1 agun, because 1 was added previous to multiply- 
ing^ by r; and it becomes 

(i±l)j=±_ 1 - (l+r)^- (!+>•) _ (l+r)[(l+r)'— i] 
r r r 

Substitute t in place of the exponent 3, and multiply by a, 
and it becomes 

«a+r) [(l+r>— 1]_-^ 
r 
which is the same as before. 

TJie particular question given above'may now be solved by 
logarithms, using this formula. 

log. (1 4- r) = 1.06 . . . 0.021189 

Multiply by ^ = 16 . . 15 



106945 
^1189 



log. (1 + r )" = 2,079 • . .317836 

Subtract 1 ] 



log. 1.079 . . " . 0.033021 

l<>g- (1+0 • . . . 0.021189 

log. a = 10 . . . . 1.000000 

Arith. Com. log. r = jO& . . 1.301030 



^iw. $226.69 .... 2.365240 
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2. A man deposited annually $&0 in a bank frofn the tinie 
his son was hon\ until he was 20 years of age ; and it wasr 
taken out, together with compound interest on each deposit at 
3 per cent., when his son was 21 years of age, and given to him. 
How much did the son receive f 

3. How much did the bankers gain by receiving the money, 
supposing they were able to employ it all the time at 6 per 
cent.'compound interest f 

4. A man has a son 7 years old, and he wishes to give him 
$2000 when he is 21 years old ; how much roust he deposit 
annually at 4 per cent, compound interest, to be able to do it ? 

5. If a man deposits in a bank annually $S5y in how long a 
time will it amount to $500 at 6 per cent, compound interest ? 

6. The first slaves were brought into the American Colonies 
in the year 1685. Suppose the first number to have been 50, 
and that 50 had been broug!it each year for 100 years, and the 
rate of increase 3 per cent. How many would there have been 
in the country at the end of the hundred years .'* 

LIV* Annuities. 

1. A man died leaving a legacy to a friend in the following 
manner ; a sum of money was to be put at interest, such that, , 
the person drawing 10 dollars a year, at the end of 15 years 
the principal and interest should both be exhausted. What 
sum must be put at interest at 6 per cent, to fulfil the above 
condition.^ 

Let the learner generalize ttiis example and form a rule ;,aQd 
then solve the following examples by it. 

2. A man wishes to purchase an annuity which shall afibrd 
him $300 a year so long as he shall live. It is con^dered 
probable that he will live 30 years. What sum must he de^ 
posit in the annuity ofiice \o produce this sum, supposing be 
can be allowed 3 per cent, interest ? 

H. B. The principal aiul interest mist be exhausted at the 
end of 30 years. 
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3; If the man mentioned in the last example should die at 
Ae end of 18 years, how much would the annuity company 
gain? 

4. If he were to live 43 years, how much would the company 
lose? 

5. A man purchases an annuity for life, on the supposition 
that he shall live 45 years, for ^15000, and is allowed 4 per 
cent, interest. How much must he draw annually that the 
whole may be exhausted i 

6. A man has property to the amount of $35000, which 
yields him an income of 5 per cent. His annual expenses are 
^5000. How long will his property last him f 

7. The number of slaves in the United States in 1810 was 
1,191,000, and in 1820 the number was 1,531,000. What is 
the number at present, 1825, allowing the rate of increase to 
be the same i 

8. There is a society establ^hed in the United States for the 
purpose of colonizing the free people of colour. Suppose the 
slaves to be emancipated as fast as this society can transport 
them away ; how many must be sent away annually, that the 
number may be neither increased nor diminished ? 

9. How many must be sent away annually that the country 
may be cleared in 100 years? 

10. If the colonization is not commenced till the year 1840, 
supposing the rate of increase to remain the same as from 1810 
to 1820, how many must then be sent away annually, that the 
number remaining may continue the same ? 

11* How many must then be sent away annually, that the 
country may be cleared of them in 100 years ? 

Jl&ce22anebftf Examples. 

1. An express set out to travel 240 miles in 4 days, but in 
consequence of the badness of the roads he found that he must 
fp 5 miles the second day, 9 the third, and 14 the fourth, less 
uian the first. How many miles must he travel each day ? 
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2. Two workmen received the same sum for their labour ;^ 
but if one had received 27 shillings more and the other 19 
shillmgs less, then one would have received just three times a& 
much as the other. What did they receive t 

3. Two persons, A and B worked together, A worked 15 
and Bis days, and they received equal sums for their work. 
But if A had worked 17^ andB 14 days, then A would have 
received 35 shillings more than B. What was the daily wages 
of each ? 

4. Two merchants entered into a speculation, by which one 
gained 54 dollars more than the other. The whole gain was 
49 dollars less than three times the gain of the less. What 
were the gains ? 

5. A man bought a piece of cloth for a certain sum, and on 
measuring it, found tliat it cost him 8 dollars, but if there had 
been 4 yards more, it would have cost him only ^7 per yard. 
How many yards were there f 

6. Divide the number 46 into two such parts, that one of 
them being divided by 7, and the other by 3, the quotients may 
together be equal to 10. 

7. A farm of 864 acres is divided between 3 persons. C has 
as many acres as A and B together ; and the portions of A 
and B are in the proportion of 5 to 11. How many acres had 
each ? 

8. There are two numbers in the proportion of i to f , the 
first of which being increased by 4 and the second by 6, they 
will be in the proportion of f to J. What are the numbers ? 

9. A farmer has a stack of hay, firom which he sells a quan- 
tity, which is to the quantity remaining in the proportion of 4 
to 5. He then uses 15 loads, and finds that he has a quantity 
left, which is tp the quantity sold as 1 to 2. How many loads 
did the stack at first contain ? 

10. There are 3 pieces of cloth, whose lengths are in the 
proportion of 3, 5, dnd 7 ; and 8 yards being cutoff from each* 
the whole quantity is diminished in the proportion of 15 to 11. 
What was the length of each piece at first f 

1 1 . The number of days that 4 workmen were employed 
were severally as the numbers 4 5, 6,7 ; their wages were the 

23* 



.i 
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same, vk. 3 shillings, and the sum received by the first and 
second was 36 shillings less than that received by the third and 
fourth. How much did each receive f 

12. There are two numbers, the greater of which is three 
times the less ; and the sum of their second powers is five times 
the sum of the numbers. What are the numbers t 

13. What two numbers are those, of which the less is to the 
greater as 2 to 3 ; and whose product is six times the sum of 
the numbers f 

14. There are two boys, the difference of whose ages is to 
their sum as 2 to 3, and their sum is to their product as 3 to 5. 
What are their ages ? 

15. A detachment of soldiers fi'om a regiment being ordered 
to march on a particular service, each company furnished 4 
times as many men as there were companies in the regiment ; 
but these being foimd insufiicietit, each company furnished 
three more men, when their number was found to be increased 
in the proportion of 17 to 16. How many companies were 
there in the regiment ? 

16. Find two numbers which are in the proportion of 8 to 5, 
and whose product is 360. 

17. A draper bought 2 pieces of cloth for ^31.45, one bemg 
50 and the other 65 cents per yard. He sold each at an ad- 
vanced price of 12 cents per yard, and gained by the whole 
$6.36. What were the lengths of the pieces ? 

18. Two labourers, A and B, received ^43.75 for their wa^es, 
A having been employed 15, and B 14 days; and A received 
for working four days $3.25 more than B for 3 days. What 
were their daily wages i 

19. Having bought a certain quantity of brandy at 19 shil- 
lings per galbn, and a quantvtv of rum exceeding that of the 
brandy by 9 gallons, at 15 shillings per gallon, I find that I 
paid one shilUng more for the brandy than for the rum. How 
many gallons were there of each ? 

20. Two persons, A aiid B, have each an annual income of 
$1200. A spends every year $120 more than B, aqd at the 
end of 4 years the amount of their savings is equal to one year's 
income of either. What does each spend annually f 
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dl. In a naval engagement, the number of sliips taken was 
7 more, and the number burnt was 2 fewer, than the number 
sunk ; 15 escaped, and the fleet ponsisted of 8 times the num- 
ber sunk. Of how many did the fleet consist f 

22. A cistern is filled in 50 minutes by 3 pipes, one of which 
conveys 10 gallons more, and the other 8 gallons less than the 
third, per minute. The cistern holds 1820 gallons. How 
much nows through each pipe per minute f 

23. A farm of 750 acres is divided between three persons, 
A, B, and C. C has as much as A and B both, wanting 10 
acres ; and the shares of A and B are to each other in the 
proportion of 7 to 3. How many acres has each ? 

24. A certain sum of money being put at interest for 8 
months, amounts to $772.50. The same sum put out at the 
same rate for 15 months amounts to 792.1875. Required 
the sum and the rate per cent. 

25. From two casks of equal si^e are drawn quantities which 
are in the proportion of 5 to 8 ; and it appears that if 20 gal- 
lons less had been drawn froin the one which now contains the 
less, only | as much would have been drawn from it as from 
the other. How many gallons were drawn from each ? 

26. There are two pieces of land, which are in the. form of 
rectangular parallelograms. The longer sides of the two are 
in the proportion' of 6 to 11, and the adjacent sides of the less 
are in the proportion of 3 to 2. The whole distance round the 
less is 135 yards greater than the longer side of the larger 
piece. Required the sides of the less, and the longer side of 
the greater. 

27. A person distributes forty shillings amongst fifty people, 
giving some 9d. and the rest I5d. each. How many were 
there of each ? 

28. Divide the number 49 into two such parts, that the quo- 
tient of the greater divided by the less, may be to the quotient 
of the less divided by the greater as f to |. 

29. A person put a certain sum to interest for 5 years, at 6 
per cent, simple interest, and found that if he had put out the 
same sum for 8 years at 4^ per cent, he would have received 
$60 more. What was the sum put out ? 
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30 A regiment of militia coDtaining 830 aien is to be rsdsed 
from three townij, A, B, and C. The contingents of A and B 
are in the proportion of 3 to 5 ; and of B and C in the propor- 
tion of 6 to 7. Bisquired the numbers raised by each. 

31. At what time between 6 and 7 o'clock are the hour and 
minute bands of a watch together ? 

32. There is a number consisting of two digits, the second 
of which is greater than the first ; and if the number be divided 
by the sum of the digits, the quotient will be 4 ; but if the digits 
be inverted and that number divided by a number greater by 2 
than the difference of the digits, the quotient will be 14. Re- 
quired the number. 

33. There is a fraction whose numerator being tripled, and 
the denominator diminished by 3, the value becomes § 5 but if 
the denominator be doubled and the numerator increased by 
2, its value becomes |. Required the fraction. 

34. A merchant bought a hogshead of wine for $100, A 
few gallons having leaked out, he sold the remainder for the 
original sum, thus gaining a sum per cent, on the cost of it, 
equal to twice the number of gallons which leaked out. How 
many gallons did he lose ? 

35. There are two pieces of cloth, differing in length 4 
yards ; the first is worth as many shillings per yard as the se- 
cond contains yards ; the second is worth as many shillings per 
yard as the first contains yards ; and both pieces are worth 
£72. 10s. How many yards does each contain i 

36. A merchant bought a piece of cloth for $180, and sell- 
ing it at an advance of $1 a yard on the cost, he gained 15 
per cent. Required the number of yards. 

37. There are two rectangular pieces of land, whose lengths 
are to each other as 3 : 2, and surfaces as 5:3; the smaller one 
is 20 rods wide. What is the width of the other ? 

33. There is a cistern to be filled with a pump, by a man 
and a boy working at it alternately ; the man would do it in 
15 hours, the boy in 20. They filled it in 16 hours 48 minutes, 
^ow long did each work ? 

\d. In a bag of money there is a certain number of eagles, 
nany quarter eagles, | the number of half eagles, together 
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with dollars sufficient to make up the number of coins equal to 
I of the value of the whole in dollars ; and the number of ea- 
gles and dollars dimin^hed by 2, is half the number of coins. 
What is the number of coins of each sort f 

40. Supposed man owes jf^lOOO, what sum shall he pay 
daily so as to cancel tlie debt, principal and interest, at the .end 
of a year, reckoning it at 6 per cent, simple interest ? 

41. A merchant bought two pieces of linen cloth, containing 
together 120 yards. He sold each piece for as many cents per 
yard as it contained yards, and found that one brought him in 
only ^ as much as the other. How many yards were there in 
each piece ? 

42. A criminal having escaped from prison, travelled 10 
hours before his escape was known. He was then pursued so 
as to be gained upon 3 miles an hour. After his pursuers had 
travelled 8 hours, they met an express going at the same rate 
as themselves, who met the criminal 2 hours and 24 min. be- 
fore. In what time from the commencement of the pursuit will 
they overtake him f 

43. A and B enter into partnership with a joint stock of 
$900. A's capital was employed 4 months, ana B's 7 months. 
When the stock and gain were divided, A received j^512, and 
B $469. What was each man's stock i 

44. A gentleman bought a rectangular lot of valuable land, 
giving 10 dollars for every foot in the perimeter. If the same 
quantity had been in a square, and he had bought it in the same 
way, it would have cost him $330 less; and if he had bought a 
square piece of the same perimeter he would have had 12^ rods 
more. What were the dimensions of the piece he bought ? 

45. A and B put to inte;rest sums amounting together to 800 
dollars. A's rate of interest was 1 per cent, more than^ B's, 
his yearly interest f of B's ; and at the end of 10 years his prin- 
cipal and simple interest amounted to 4 of B's. " What sum was 
put at interest by each, and at whajb rate i 

46. Two messengers, A and B, were despatched at the same 
time to a place 90 miles distant 5 the former of whom riding one 
mile an hour more than the other, arrived at the end of his jour- 
ney an hour before him. At what rate did each travel per hour i 

~ 47. A and B lay out some money on speculation. A dis- 
poses of his bargain for $11, and gains as much per cent, as B 
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lays out; B's gain is $36, and it appears that A sams ^ir- 
tiroes as much per cent, as B. Required the capital of each ? 

48. A and B hired a pasture, into which A put four horses, 
and B as many as cost him 18 shillings a week. Afterwards B 
put in two additional horses, and found that he must pay 20 
shillings a week. At what rate was the pasture hired i 

49. A vintner draws a certain quantity of wine out of a full 
vessel that holds 256 gallons ; and then.filHng the vessel with 
water, draws off the same quantity of liquor as before, and so 
on for four draughts, when there were only 81 gallons of pure 
wine left. How much wine did he draw each time ? 

50. Three merchants. A, B, and C, made a joint stock, by 
which they gained a sum less than that stock by $80. A's 
share*)f the gain .vas $^0, his contribution to the stock was $17 
more than B's. B and C together contributed $325. How 
much did each contribute .'* 

51. A grocer sold 80lb. of mace 'and lOOlb. of cloves for 
£65 ; but he sold 60 pounds more of cloves for £20 than he 
did of mace for £ 1 0. What was the price of a pound of each ? 

52. A and B, 165 miles distant from each other, set out with 
a design to meet. A travels one mile the first day, two the 
second, three the third, and so on ; B travels 20 miles the first 
day, 18 the second, 16 the third, and so on. In how many 
days will they meet ? 

53. A and B engage to reap a field for $20 ; and as A alone 
could reap it in 9 days, they promise to complete it in 5 days. 
They found however that they were obliged to call in C to as- 
sist them for the two last days, in consequence of which, B re- 
ceived 4 of a dollar less than he otherwise would have done. 
In what time co'ild B or C alone reap the field ? 

54. A mercer bought a piece of silk for $54 ; and the num- 
ber of shillings V/hich he paid for a yard was f of the number 
of yards. How many yards did he buy, and what was the^ 
j)rice of a yard i- 

55. The fore wheel of a carriage makes 6 revolutions more 
than the hind wheel in going 120 yards 5 but if the periphery 
of each wheel be increased one yard, it will make only 4 revo- 
lutions more than the hind wheel in the same space. Requir- 
ed the circumference of each. 
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56. There are three numbers, the difference of whose differ- 
ences is 5 ; the sum of the numbers is 20, and their continual 
product 130. Required the numbers. 

67. From two towns, C and D, two travellers, A and B, set 
out to meet each other ; and it appeared that when they met, 
fi had gone 35 miles more than f of the distance that A had 
travelled ; but from their rate of travelling, A expected to 
reach C in 20| hours ; and B to reach D in 30 hours. Re- 
quired the distance from C to D. 

68. Two mien, A and B, entered into a speculation, to which 
B contributed $15 more than A. After four months, C was 
admitted, who added $bO to the stock ; and at the end of 12 
months from C's admission they had gained $159; when A 
withdrawing received for principal and gain $88. What did 
he originally subscribe } 

69. The number of deaths in a besieged garrison amounted 
to 6 daily ; and allowing for this diminution, their stock of pro- 
visions was sufficient to last 8 days. But on the evening of the 
sixth day, 100 men were killed in a sally, and afterwards the 
mortality increased to 10 d^y. Supposing the stock of pro- 
vision.i unconsumcd at the end of the sixth day to support 6 
men for 61 days; it is required to find how long it would sup- 
port the garrison, and the number of men alive when the pro- 
visions were exhausted. 

60. There was a cask containing 20 gallons of brandy ; a 
certain quantity of this was drawn off into another cask of equal 
size, and this last filled with water, and afterwards the first 
cask was filled with the mixture. It now appears that if 6§ 
gallons of the mixture be drawn off fi"om the first into the se- 
cond cask, there will be equal quantities of brandy in each. 
Required the quantity of brandy first drawn off. 

61. From two towns, C and D, which were at the distance 
of 396 miles, two persons, A and B, set out at the same time^ 
and meet with eacn other, travelling as many days as are equal 
to the difference of the number of miles they travelled per day ; 
when it appeared that A has travelled 216 miles. How many 
miles did each travel per day T 

62. A tailor bought a piece of cloth for $200, from which 
he cut 5 yards for his own use. and sold the remainder for 
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$175, gaining 75 cents per yard. How many yards were 
there, and what did it cost him per yard? 

63. There is a rectangular field containing 10 acres, 1 quar- 
ter, 5 rods, and the length of it exceeds the breadth by 12 rods. 
Required tlie dimensions of the field. 

64. A man travelled 96 miles, and then found that if he had 
travelled 2 miles faster per hour, he should have been S hours 
less in performing the same journey. At what rate per hour 
did he travel ? 

65. A regiment of soldiers, consisting of 900 men, is formed 
iaito two squares, one of which has 6 men more in a side than 
the other. What is the number of men in a side of each 
square.'^ 

66. A and B travelled on the same road and at the same 
rate from Huntingdon to London. At the 50th mile stone 
from London, A overtook a drove of geese which were pro- 
ceeding at the rate of three miles in two hours ; and two 
hours afterwards met a stage waggon, which was moving at 
the rate of 9 miles in 4 hours. B overtook the same drove of 
geese at the 45th mile stone, and met the same stage waggon 
exactly forty minutes before he c^e to the 31st mile stone. 
Where was B when A reached London ? 

67. Two men, A and B, bought a farm consisting of 200 
acres, for which they paid $200 each. On dividing the land, 
A says to B, if you will let me have my part in the situation 
which I shall choos^, you shall have so much more land than I, 
that mine shall cost 75 cents per acre more than yours.* B ac- 
cepted the proposal. How much land did each have, and 
what was the price of each per acre i 

68. A person bought two cubical stacks of hay for 4 1£ ; each 
of tliem cost as many shillings per solid yard as there were yards 
in a side of the other, and the greater stood on more ground than 
the less by 9 square yards. What was the price of each ? 

69. Two partners, A and B, dividing their gain $60 B 
took $20 ; A's money was in trade 4 months, and if the num- 
ber 50 be divided by A's money, the quotient will give the 
number of months that B's money, which was $100, continued 
in trade. What was A's money, and how long did B's con- 
limie tn trade i 
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